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Abstract. The prime fuzzy bi-ideals of semigroups are intmath by Shabir, Jun and
Bano. They characterized those semigroups for whatth fuzzy bi-ideal is semiprime
and also characterized those semigroups for whach &zzy bi-ideal is strongly prime.
In this paper, we prove some properties of fuzzigbals in ternary semigroups and the
relation between fuzzy quasi ideals and fuzzy idgals is considered.
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1. Introduction

Lehmer introduced the ternary algebraic system@®2]1 and after such structures were
studied by Kasner. In 1965, ideal theory in teyreemigroups studied by Sioson [16].
After the introduction of fuzzy sets by Zadeh [@lconsideration of the concept of
classical mathematics began. Fuzzy set has an tampoimpact over the field of
mathematical research in both theory and applisatichas found manifold applications
in mathematics and related areas. Kuroki introduged studied the notion of fuzzy
semigroups. He also studied the concept of fuzzgdals [6] (1979) and fuzzy quasi-
ideals (1982) of semigroups. Since then many Eap&ve been published in the field of
fuzzy algebra [1-5,7,8,10-15,17,18]. Many researstconducted the researches on the
generalizations of the notions of fuzzy sets witlgén applications in computer, logics
and many branches of pure and applied mathematics.

2. Basic definitions and preliminaries
Definition 2.1. A non-empty setl is said to be ternary semigroup if there exists a
ternary operation : TxTxT - T written as(a,b,c) —» ab.c satisfies the

following identity (abc)de = a(bcd)e = ab(cde) for all a, b,c,d,edT.
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s er=[3 83 3 9 e S S

0 0f
ternary semigroup under usual multiplication.

Definition 2.2. A non-empty subsefA of a ternary semigroupT is called a ternary
subsemigroup of T if AAALI A.

Definition 2.3. A non-empty subsetA of a ternarysemigroup T is called a
quasi ideal in T if
(ATT)n (TAT) n (TTA) O A and (ATT) n (TTATT) n (TTA) O A.

Definition 2.4. A ternary sub semigroupA of a ternary semigroup is said to be a bi-
idealin T if ATATA O A.

Definition 2.5. Let T be a non-empty set. A fuzzy subset of a ternanjgrenp T is a
function : T - [0,1].

Definition 2.6. Let i be a fuzzy subset of a non-empty skt for anyt [1[0,1] , the
subset y, ={ XOT : u(x) =t} of T iscalled alevel set gf .

Definition 2.7. For any two fuzzy subseta ; and 1/ , of a non-empty sefl , the union
and the intersection of 4, and u, denoted by, Ou, and py, n u,
are fuzzy subsets of and defined as

(4, O 5) () =max{ g, (X), 1, (X } = 44, (X) T 1, (X)

and (4, N 4 ) () =min{ (X, 1,(N} =1, () Cp, ()~ forall xOT .
Where L denotes maximum or supremum alnd denotes minimum or infimum.

Definition 2.8. Let w,, (4, and u, are any three fuzzy sets of a ternary semigrbup
Then their fuzzy products, o i, o i, is defined by

a:\)/(yz{,ul(x)[,uz(y)[,us(z)} if aisexpressible asa=xyz
for all x,y,ZIT

(0 5 © 15)(@) ={
0 otherwise

Definition 2.9. A fuzzy set i of a ternary semigrouf is called a fuzzy ternary
subsemigroup ofT if wu(xyz) ={u(X) C u(y) C u(2)} forall x,y,zOT.

Definition 2.10. A fuzzy ternary sub semigroufz of a ternary semigrougl’ is called a
fuzzy bi-ideal inT if p(xmynz) ={u(xX) C u(y) C u(z)} forall x,y,zm,nOT.
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Definition 2.11. A fuzzy set i of a ternary semigrouf is called a fuzzy left (right,

lateral) ideal in T if u(xyz)= u(z), (u(xyz)= u(x), u(xyz) = u(y)) for all
X, y,z0T ..

Definition 2.12. A fuzzy setu of a ternary semigroupl’ is a fuzzyideal in T if itis
fuzzy left, right and lateral ideal iff .

Definition 2.13. Let A be a non-subset of a ternary semigrolip Then the
1if xOA

characteristic function of A is defined Iy, (X) :{
0 if xOA

We denote the characteristic functidd, of T . i.e., T=C; thus T(x)=1 for all
xdT .

Definition 2.14. A fuzzy set4 of a ternary semigroupl’ is called a fuzzy quasi ideal
of T if (ToTo)n(TopoT)n (UoTeT)lu and
(TeTo)n(ToTopoToT)Nn (ueToT) O U.
e f(ToeTo)Nn(TopuoT)n (ueToT)|(a) < u(a) and
[(TeTop)n(TeTopeToT)n (ueToT)l(a) < u(a)

3. Main results
Theorem 3.1. A non-empty subsetA of a ternary semigroupl’ is a bi- ideal in T if
and only if characteristic functio€, of A is a fuzzy bi-idealinT .

Proof: Let C, is a characteristic function ofA in ternary semigrouprl .
Assume thatA is a bi-ideal in T .Then we have ATATAU A.
Now consider C,oToC,oToC,=C,0C;0C,0C;0C,
= Charara U Cp
C,oToC,oToC,OC,
ThereforeC, is a fuzzy biideal inT .
Conversely, supposeC, is fuzzy bi-ideal inT .
Then C,oToC,oTC,UC,
Let xU ATATA.Then C,(X) 2 (C,oToC,oToC,)(X)
=(CroCr0CloCroCl)(X)
= Crara (X)
> 1(- xO(ATATA)
C,(x) 21= xUA

Therefore ATATA L A.
Hence A is a bi-ideal in a ternary semi group.
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Theorem 3.2. If 4 be a fuzzy bi-ideal in a ternary semigrodp, then the level sety,
is a bi -ideal inT for every t[1[0,1] .

Proof: Let 4 be a fuzzy subset of a ternary semigrduand letxUT . Fort[1[0,1] ,
let ul g, Tu, Ty, where 4, be the level set of z. Then there existsy,z0 4, ,
m,nUT and such thatu = xmynz.

Consider (10T o (uoT o ))(u) = 0 {u(a) Ou(b) Du(o)}
0 {p(2) OT(b) Of_0) {2(d) OT (&) O pa( )1}

L {u@o1oudmou))

= L {u@) Dud) Du(1))

xmyn z=abdef
= HOYTu(Y) T u(2)
>ttt =t
[poTo(ueoTop)(u) 2t
Since u is a fuzzy bi-ideal inT = p(u)=t forall ulT
=>uly = pTuTu Ou.
Hencey, is abi-ideal inT.

Theorem 3.3. Every fuzzy quasi ideal in a ternary semigrodip is a fuzzy bi -ideal in
T.
Proof: Supposey is fuzzy quasi ideal in a ternary semigroup. Then we have

(ToTo)n(TopoT)n (UeTeT) O u and
(ToTo)n(ToTopuoTeT)n (UeoToT) U u.
Consideru(xyz) 2 [(TeTo)n (TopoT)n (ueToT)]|(Xy2)
2 (ToTopu)(xyz)n (TouoT)(xyz)n (UoToT)(Xy2)

2[ L {T@0TO) 0xl] L L {70 0Te) Duw}]

x yz=abc
CL L fun) DT 0T

> [T(¥) OT(y) Du(2)] CIT(x) Op(y) OT (D] C (¥ OT(y) OT(2)]
> [I00u(2)] CLOu(y) 0] C[u() 0101

2 u(z) L pu(y) L u(x)

2 u(x) Lu(y) Lu2

H“(xyz) 2 [u(x) L u(y) L u(2)]

Therefore y is a fuzzy ternary sub semigroup ofF .

Again consider
Hxynz) 2 [(ToTop)n (TeTopeToT)n (uoT oT)(xmynz)
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2[(TeTop)(xmynz) N (ToTopueToT)(Xmynz) n (UeToT)(xmynz)]

> [ omyrzapece {T(@) CT(0GO C (&)} 1

[ L {T(poOT@Dur)0T(r) OT®)}]

(xmyn2)=parst

Cr. Lo {u(i) CT(jK) CT(0))]

xmynz=ijklo
> [T OT(myn) Ou(2)] CIT() OT(m) Og(y) OT(n) OT(2)]
C[(9 OT(myn) OT(2)]
> [1010u(2)] CO10(y) 0101] C[ () 0101]
2 ((2) L p(y) L u(x)

u(xmynz) 2 p(x) L u(y) © u(2)
Therefore i is a fuzzy bi- ideal in T .

Theorem 3.4. Let 4 be a fuzzy bi-ideal in a ternary semigrotp. Then the fuzzy
subsety” defined by = p(X) +1- £(0) for all XOT s also a fuzzy bi- ideal of.
Proof: Given that T be a ternary semigroup ang: be a fuzzy bi-ideal if . Then u
is a fuzzy ternary sub semigroup @f. Thatis for all x,y,zOT,
u(xyz) = p(x) L u(y) T u(2)
orp(xyz) zmin{ u(x), u(y), 1(2)}.

and p(amynz) = min{u(a), u(b),u(c)} forall a,b,c,mnOT.
Let 4~ be afuzzy subsetof T wherg’=g(X) +1-(0) forall xOT.
we have to prove thqtrlIj is a fuzzy bi —ideal of T .
() Let Xx,y,zOT
We have 1 (xy2 =u(xy2 +1- 1 (0)

2min { u(x), u(y), 4(2)} +1- u (0)

=min{ u(x) +1= 4 Q) , u(y) +1- 1 (0) , u(2) +1- 1 (0) }

=min { & (x), L (Y) , 472 }

H(xy2) = min{ g7(X), 1 (y) (@) }
Therefore,uD is a fuzzy ternary sub semigroup oF .
(i) Let a,b,c,mnOT
We have 4”(ambnc)=u(ambnc) +1- 1/(0)
> min{ x(a), u(b), u(c)} +1- 1 (0)
=min{ p(a) +1- 1 (0) , u(b) +1- 1 (0) , u(c) +1- 1 (0) }
=min { (@), 1 (b) , (0 }
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(- (ambnc) 2 min { 4(a), 47(b) , 17(c) }
Therefore 4 is a fuzzy bi — ideal inT .

Theorem 3.5. Let T be a left zero ternary semigroup and be a fuzzy left ideal in
T. Then pu(X)=p(2) forall x,y,zOT.

Proof: Let T be aleft zero ternary semigroup.

ie., X,y,zOT =xyz=x and zyx = z.

sinceu is fuzzy leftideal inT .

Consider H(X) = u(xy2) = u(2)

H(X) 2 4(2) 1)
and we have u(x) = u(zyx) =u(x)
H(2) = u(x) 2)

from (1) and (2)We haveu(x) = u(z) forall x,y,zOT.

Theorem 3.6. A non-empty fuzzy subsety/ of a ternary semigroupT is a fuzzy
ternary sub semigroup of if and onlyif g opopu 0 u.
Proof: Let p be a non- empty fuzzy subset of a ternary sempgrou.
Supposep o po fi L p
we have to prove thap is a fuzzy ternary sub semigroup ofF .

Uuxyz) = u(x) L u(y) L u(z) for al x,y,zOT.
Let Xx,y,zOT, suchthat p=xyz
Consider p(xyz) = (p o fo 1)(xyz)

= D lu(@ Oub) Due}

= U {u(a) Ou(b) O u(c)}

= (%) C p(y) C 1(2)
H(Xyz) = { p(x) Cp(y) Cu(z)}

Conversely,assume thaty is a fuzzy ternary sub semigroup af.
ie,u(xyz) = {u(x)Culy) Cu(z)}
We have to prove thatt o tio ft L1 U
i.e. (o po ) (a)< u(a) forall aldT
Leta=xyz forall x,y,zOT.

Consider (4o to t)(@)= a:gqr{ﬂ( p) L a(a) L 24r)}
D LH(P) D (@) D ()}

{u(x) C u(y) C u(2)}
< H(xy z)
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=u(a)
(Uopopu)(@ s u@) = Hopopulu.
If a#xyz then(uopop)(@=o0< u(a) = (Uopo)(@) = u(a).
Therefore fopopud u.

Theorem 3.7. For any nonempty fuzzy subsefu of a ternary semigroupT, the
following conditions are equivalent.

(i) u is afuzzy bi-ideal inT .

(i) gopopu O and oCrouoCrouOu where C, is the characteristic
function of T .

Proof: Let T be a ternary semigroup and Jet be a fuzzy subset oT .

First to prove that (i)= (ii):

Let u is a fuzzy bi-ideal inT then u is a fuzzy ternary sub semigroup off . i.e.,
uxyz) ={u(x) L u(y) L u(2)} for all x,y,zOT.

and p(amynz) = {u(@ L wp) C p(c)} for all ab,c,mnOT..

From the theorem 3.6, we havel o o u [
Toprove only foCr otoCron O

ie., (UoCroloCrop)(a)su(a) foralalT .
Let a=xmynz forall x,y,z,mn,p,q,rdT .
Consider

peCropoCrop@ = L {u(p)OC, (u) Du(@) OC, (v) DA)D)

={u(x) OC; (m) Up(y) OC; (n) D (3}
={u(x) C1C p(y) C1C p(3}
={u(x) Cu(y) C (3}
< u(xmynz)
= u(a)
= (U oCroptoCrop)(a)< u(a).
Therefore (/o C o io Cr oy

Next to prove that (i (i):
We assumethauo ot Opu - (1) anquoCroucCropuldu - (2.
From theorem 3.6 and by equation (1), we hawveis a fuzzy ternary sub semigroup

of T.
It is enough to prove thatu(amynz) = ming(a) w(b) u(c) 1.
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Consider pu(xmynz) > {u o C;ofioCr oy Yxmynz) .
= U {u(p) C Cr) CiO)CC (V) Cu)).

XMyNz = pugvr
AL G (M Lu(y)LC (M Lu3) }
AO) C1Lu(y)C1Lu(2) )
A Cu(y)Cu(2) )
Hxmynz) = { u(X) Cu(y)Cu(z2)}  for all a,b,c,mnOT.
Therefore 4 is a fuzzy bi — ideal i

Definition 3.8.Let T, and T, be twoternary semigroups. A mapping

f:(T,4) - (T,,04,) is called a ternary homomorphism if
f(xL yL 29=(f(X L, f(y)L, f(2) forall xy,zOT.

Definition 3.9. Let f be a mapping from a set X to Y apd be a fuzzy subset of
Y, then the pre image of/ under f , denoted byf (1) , is defined as
f 1 (u)(X) = p(f(x) forall xOX.

Theorem 3.10. Let f:T, —T, be a homomorphism of ternary semigroups.uif is a
fuzzy bi- ideal in T, then the pre imagef *(1) s a fuzzy bi — ideal Ty

Proof: Let T, and T, be two ternary semigroups and given thdt: T, T, is
a homomorphism.

Then f(xy2=(f(x) f(y)f(2) forall xvy,zOT,.
Let u be afuzzy bi—ideal inT,
We have to prove thatf (1) is a fuzzy bi-ideal in T,

Consider f (u(xy2) = u(f (xy2)).

= u(f(x) 1(y) £(2).

2 min{ u(f(x), u(f(y) f(u(2)}
min{ f (@ (), f (u(y)) T (u@)}
F2u0y2) 2 min{ £ (u(x), f(u(y) f (@)

Therefore, f (1) is a fuzzy ternary sub semigroup bf

Let X, y,zmnOT,

Again consider f (u(xmynz)) = i (f (xmynz))
= p(f(x) f(m) f(y) f(n) f(2).
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2u(f(x) u(f(y)) u(f(2).
=min{ 7 (u(x)) £ (u(y) (L@}
£ (u(xmymg) = min{ £ 7 (u(x)), T *(u(y)), f ()}

Therefore f (1) is a fuzzy bi —ideal in ternary semigrouf,

4. Conclusions

We introduced the notion of fuzzy ideal, fuzzy sjudeal, fuzzy bi-ideal in an ternary
semigroup and studied their properties and relatlmetween them. We characterize the
fuzzy bi-ideals in an ternary semigroup with respgecbi ideals. In continuous of this
paper we propose to study fuzzy bi-ideals over digrsemigroups.
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