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Abstract. In this paper we consider the Diophantine equapbs (p+6) = Z when p,
(p+ 6) are primes, ang, y, z are positive integersAll the six possibilitiefx + y

= 2,3,4 are examined. We establish thaEdi)the first 10000 primepand x =y
=1, the equation has exactly seven solutions.\Mihen x = 2 and y = 1, the equation
has exactly one solution. (iii) For the otlieur possibilities, the equation has no
solutions. All the solutions are exhibited.
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1. Introduction

A prime gap is the difference between two consgeyprimes. Numerous articles have
been written on prime gaps, a very minute fractbmvhich is brought [5, 6] here. In
1849, A.de Polignac conjectured that for every fpasiinteger k, there are infinitely
many primesp such that p + Z is prime too. Many questions and conjecturethen
above still remain unanswered and unsolved.

When k=1, the pairs g, p + 2) are known as Twin primes. The first foucls
pairs are: (3, 5), (5, 7), (11, 13), (17, 19).eTfwin prime conjecture stating that there
are infinitely many such pairs remains unprovééhen k=2, the pairs
(p, p + 4) are called Cousin primes. The first fourpaire: (3, 7), (7, 11), (13, 17), (19,
23). The author [2] showed that the equatpdr+ (p+4) = Z whenx+y =2, 3, 4 has
the unique solution 3+ 7* = £ Moreover, the author [1] established for u€in
primes p >3 andp + 4, thatp* + (p+4) = Z is insolvable in positive integers vy, z

In this paper, we concern ourselves withdhge k= 3, i.e., pairs of primes of the
form (p, p + 6). These pairs are named in the literaturéexy primes" sincesex” in
Latin means "six". The first four such pairs are: (B), (7, 13), (11, 17), (13, 19). As
of today, it is not known weather or not there eiifinitely many Sexy pairs.

We investigate the equation
p'+ (p+6) = 7, 1)
when p, p+ 6 are Sexy primes, ang y, z are positive integers. We examine all the
possibilities of x +y = 2, 3, 4 for solutions of equation (1). Thigone in Section
2.
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2. Solutionsof theequation p*+ (p+6)’ =Z when x+y = 2,3, 4
In this section we prove the following result.

Theorem 2.1. Supposeéhat p, (p + 6) are any two primesand X, y, z arepositive
integers.If x+y=2, 3, 4, then the equatignf+ (p + 6Y =Z has:

(i) For the first 10000 primegp, exactly seven solutions whex=y=1.

(i) Exactly one solution whern=2 andy=1.

(iii) No solutions for all other four possibilities.

Proof: For x+y = 2, 3,4, we examine all possible valuesy. These are:

Casel. X+y=2 x=1, y =1

Case2 X+y=3
Case3. X+y=3
Case4. Xx+y=4
Caseb. Xx+y=4
Case6. Xx+y=4

X X X X X
o
WN R NP
<K<K <<
o
PN WEN

Each case is self-contained, and considered separat

Casel. Suppose in equation (=1, y=1. We obtain

p'+ P+6)= 2 z=2T. (2)
Then from (2)

p+(P+2)=20+1)=Z-4=¢-2)¢+2). 3)

The valuez is even, therefore 2 divides— 2 and alsaz + 2. Since 2 [z7—2) or 2|
2(T—1), denoteT—1=¢, and z+2 = 2T + 1) =2¢ + 2). Thus, from (3) p(+ 1)
=(20)2(a +2) or

p+1 = 2o+ 2). (4)

Evidently, whenp=4N + 3 thenp+ 6= N+ 9= 4N+ 2) + 1 is of the formM

+ 1, whereas whep= 4N+ 1 thenp+6 = N+7= 4N+ 1)+ 3 isofthe form 4
+ 3. Both possibilities are investigated.

Suppose thap=4N+3. From (4) N+1)= Z(a+2) or 2N+1)=
a(a + 2) implying thato is even. Denotea = 2R, henceN = 2R(R+ 1) — 1. Thus,
if pandp+ 6 are primes, then

p=8R(R+1)-1, p+6 = RR+1)+5. (5)

When p+ 6 is primein (5), itclearly followsthd&®+#5A and R#5A+4. If R =
5A+ 1 andR = 5A + 3, thevalue B(R+ 1) — 1 is a multiple of 5 and is nota prime
p. Hence,R#5A +1 and R#5A+ 3. Therefore, whenp andp + 6 are primes in
(5), thenR=D5A+ 2.

If R =BA+ 2, the conditions for a solution of equatid?) @re

p=RR+1)-1= 208A+1)+47,

p+6 = RR+1)+5 = 208(A+ 1) + 53, (6)
Z=2(R+1) = 10(Aa+1).
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The twenty-three valuesA =0, 1, 2, .. ., 22 in (6) have been veriffed all
primes p < 104729 (the 10080 prime is 104729 = M+ 1). WhenA =0, 5, 12, 20,
four solutions of equation (2) have been esthblis For all other nineteen valueA,

p and p+6) are not simultaneously primes. The fgotutions are demonstrated as
follows.

Solution 1. 47 + 53 =210
Solution 2. 6047 + 6053 =10,

Solution 3. 31247 + 31253 = 250
Solution 4. 84047 + 84053 = 440

This concludes the case of equation (Bpmp=4N+ 3 andp < 104729.

Suppose thap = 4N + 1. Then from (4) we haveNd+ 2 = 2(N + 1) = Z(a + 2) or
2N+ 1 = a(a + 2) implying thata is odd. Denoterx = 2Q + 1, henceN = 2Q(Q + 2)
+ 1. Thus, ifp andp+ 6 are primes, then

p=8&Q+2)+5 p+6=&Q+2)+1L (7
If Q=0@=N=1), thenp=5 and p+ 6 =11 are primes. Hence

Solution 5. 5+11=24
Suppose tha® > 0. WhenQ=5B andQ=5B + 3, the value @(Q +2) +5 isa
multiple of 5 and is not a prim@. Hence Q # 5B and Q # 5B + 3. Furthermore,
when Q=5B+1 andQ=5B + 2, thevalue @(Q + 2) + 11 is a multiple of 5 and is
not a prime g + 6). Thus,Q#5B+1 andQ+# 5B + 2. Therefore,ifp and p+6
are primes in (7), therQ="5B + 4.
When Q = 5B + 4, the conditions for a solution of equatid?) @re
p=8(Q+2)+5 = 208B+2)+197,
p+6 = &QQ+2)+11 = 20B(B + 2) + 203, (8)
zZ=4Q+1) = 20B+1).

The twenty-two value8 =0, 1, 2, ..., 21 in (8) have been verifiedthe first
10000 primesp. When B = 10, 15, two additional solutions of equatiof) (are
established. For all other twenty valuBs p and f + 6) are not simultaneously primes.
The two solutions are:

Solution 6. 24197 + 24203 = 220

Solution 7. 51197 + 51203 = 320
This completes the case of equation (2) wpendN + 1 andp < 104729.

We now sum u@ase 1 with the following two Remarks.
Remark 21. For p= AN+ 3p=4N+1 aprime, and + 6 a prime, it is easily

verified that equation (2) has a solution ifpedtively 2 + 3/2N + 2 is a square. The
condition for a solution of equation (2) isrdre established.
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Remark 2.2. In sets (6) and (8), whenever and p + 6 are primes, then the sum+

(p + 6) yields a solution of equation (2).

If insets (6) and (8), the total number oéx$ pairs is finite, then the number of
solutions of equation (2) is also finite. If ook sets (6), (8) has infinitely many
Sexy pairs, then equation (2) has infinitelyngnaolutions.

Case2. Suppose in equation (=1, y=2. We have
p'+ p+6F= 7. 9)
From (9) we have

p=7Z- (p+6f = - (p+6)ez+ (p+6)). (10)
Thus, p divides at least one of the values- (p + 6)), g+ (p + 6)).

If p| - (@+6)), thenpa = z-(p+6) orz = pa+ (p+6) implying that
z+ (p+6) =pa+ 20+ 6). Substituting these values in (10) yields
p= @Pa)(pa+ 20+6)) or 1 =a(pa+ 2(+6)) which is impossible.

If pl@+@E+6)), thenps =z + P+6) and z-(pP+6) =ps - 2 + 6).
These two values yield in (10)

P= (8 - 20p+6))PB) or 1=y -2p+6)p
which is impossible. Equation (9) has no sohs for all primes p.
Case 2 does not contribute solutions to equation (1).

Case3. Suppose in equation (X=2, y=1. We obtain
p’+ p+6) = Z. (11)
From (11) p+6=7- p*> = (z—p)(z+p). Since P+ 6) is prime, it follows that
z-p=1 and z+p =p+6.
Then z+p = p+ 6 impliesthatz=6. Hencep=5, and p+6 =11.
Thus,Case 3 yields a unique solution of equation (1), namel

Solution 8. 511 = 6.
Case4. Suppose in equation (¥=1, y=3. We have
p'+ pP+6)y =27 12)
If p=4N+ 3, then from (12)
N4 3)+ (N+9F =7 z=2T
or
64N° + 43N + 976N + 732 = &7,
Thus

NB + 108\ + 244N +183 =T (13)
The left-hand side of (13) is odd, therefdfeis odd. DenoteT = 2A+ 1 andT?
= 4A(A+ 1)+ 1. Then from (13) we obtain
N8 + 5AN°+ 12N + 91) = AA+1). (14)
The two sides of (14) now contradict each otterd hence (14) is impossible.
Thus, when p=4N + 3, equation (12) has no solutions.

If p=4N+ 1, thenfrom (12)
N4 1)+ (N+7) =7 z=2T
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or

64N° + 336\> + 5ON +344 = 2

Hence

NG + 84N + 148\ +86 =T (15)
The left-hand side of (15) is even, therefd® is even. Denotd = B and
T? = 4% Then from (15) it follows that

N8+ AN + 74N +43) = & (16)
The two sides of (16) now contradict each otheplying that (16) is impossible. Thus,
when p=4N+ 1, equation (12) has no solutions.

Case 4 does not yield any solutions of equation (1).

Case5. Suppose in equation (¥=2, y=2. We obtain
p’+ p+6y =72 7
From (17) it follows that
pt 6y =7Z-p° = @Z-p)(z+p). (18)
Since p+ 6) is prime, the only possibility that (18kists is when
z-p =1, z+p = (p+6).
Thenz = p+1, andhence+p = 2+ 1= p+6F which is impossible. Equation
(17) has no solutions for all primgs
Case5 does not contribute solutions to equation (1).

Case 6. Suppose in equation (X¥=3, y=1. We obtain
p’+(p+6) = 2 z=2T. (19)
If p=4N+ 3, then from (19)
(AN+3F + (AN+9) =7
or
64N° + 144 + 11N +36 = 4%
Thus
NE + 36\2 + 28N +9 =T (20)
In (20), the left-hand side is odd. Hencg, is odd, and denotd = 2x + 1. Then
(20) yields
16N° + 36\ + 28N +9 = 4°+ 4o +1
and after simplifications
AN + N> + N +2 =a(a +1).
The even terma(a + 1) is the product of two consecutive integeasd it is seen that
the equality does not hold.
Therefore, whenp=4N + 3 equation (19) has no solutions.

If p=4N+ 1, thenfrom (19)
AN+1P + (N+7) = 7
or
64N° + 48\ + 16N +8 = 4%
Hence, after simplification
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BB+ 6N + 2N + 1) = T? (21)
implying that T is even, andT? is a multiple of 4. The two sides of (21) now
contradict each other, and therefore (21)migassible. Whenp=4N + 1, equation
(19) has no solutions.

Case6 does not produce solutions to equation (1).

This completes the proof of Theorem 2.1. i
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