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Abstract. In this paper, we define the concept of fub#ysolid subpseudovarieties of a
given M-solid pseudovariety and show that the lattice Ibfuezy M-solid subpseudo-
varieties is a complete sublattice of the lattifalbfuzzy subpseudovarieties of the same
M-solid pseudovariety, wher®l is a submonoid of hypersubstitutions. Moreover, fo
submonoiddvi;, M, of hypersubstitutions witM; [ M., we show that the lattice of all
fuzzy M,-solid subpseudovarieties is a complete sublatifabe lattice of all fuzzyM;-
solid subpseudovarieties.
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1. Introduction

The notion of fuzzy set was first introduced by @afl 4] in 1965. The first inspiration

application for many algebraic structures was thecept of fuzzy group introduced by
Rosenfeld [11] The fuzzification was applied to subclass of atgetby many authors

(see e.g., [10,12,13]). I6], Murali defined fuzzy subalgebras of a givemgedira in
universal algebra sense, studied its lattice amavel that the lattice of all fuzzy sub-
algebras forms complete lattice. In 2011, Pibaljeaf8] defined the concept of fuzzy
subvarieties of a variety in universal algebra sense and found that thecdatif all
subvarieties of the variety can be embedded irgddttice of all fuzzy subvarieties of the
varieties as complete lattices. In 20Rhaljommee [9] defined the concept of fuddy
solid subvarieties in universal algebim.2011, Patchakhieo and Pibaljomme [7] gave a
connection betweebh-fuzzyfully invariant congruence relations and varietiéberelL is

a completdattice. In 2013Chada and Pibaljommee [1] defined the conoépuzzy
subpseudovarieties of a subpseudovariétin universal algebra. In universal algebra
many authors investigated structure of sdliidsolid pseudovarieties (see e.g., [2,3,4,5])

which play important role in computer scienceslinatural to consi-der the structure of
fuzzy M-solid subpseudovarieties. So, the purpose of thik g to define the concept of
fuzzy M-solid subpseudovarieties of a givishsolid pseudovariety extending from the
concept of fuzzy subpseudovarieties and show that the lattice of al fuzzy M-solid
subpseudovarieties of an M-solid pseudovariety is a complete sublattice of the lattice
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of al fuzzy subpseudovarieties of the same M-solid pseudo-variety. Moreover, for
submonoids M,, M, of hypersubstitutions with M, [] M, ,we show that the lattice of

al fuzzy My-solid subpseudovarieties is a complete sublatfcihe lattice of all fuzzy
M;-solid subpseudovarieties.

2. Preliminaries
Let 7 = (n,),, be a type of algebras with operation symid)3,,, wheref, is ann, -ary

operation. Aralgebraof typer is an ordered pah ;= (A, (f; A)iDI ), whereA is a non-

empty set anélfi A)iDI is a sequence of operationsAimdexed by a non-empty index set
| such that to each, -ary operation symbolf; there is a correspondimg-ary opera-

tion fiAon A. The setA is called theuniverseof A . We often writeA instead of

A ;=(A,(fiA)i["). We denote byAlg (7) the class of all algebras of typeand

Alg:(7) the class of all finite algebras of typeThe concept of a pseudovariety was first

introduced by Eilenberg and Schutzenberger in fieclass of finite algebras of the
same type closed under the formations of homomorphic imadts $ubalgebrasS)
and finite direct products¥). A classV of algebras of typeis called avariety if it is
closed under taking of the formations)( (S) and direct products), then its finite part,
i.e., the class/ ™ of all finite algebras contained M is a pseudovariety. Lef U
Alg(7) . We denote by (K) the class of all homomorphic images of algebrek,iby

S(K) the class of all subalgebras of algebrak,ity P(K) the class of all direct products
of algebras inK and byPy(K) the class of all finite direct products of algebinK.

Instead ofH{ A}), S{ A}, P{ A} and Pi({ A}), we write H(A), S(A), P(A)
andPi(A), respectively for every algebi in Alg(7). Clearly, Alg(7) and the class
of all one-element algebrdgr) are pseudovarieties which are callegivial pseudo-
varieties

Let X,, 1:{X1, . --)%} be a finite set of variable®y_(X,) be the set of alt-ary
terms of typer and letW_(X);= CJW,(XH) with Xi:{Xl,---Xn,--} be the set of all
n=1

terms of typg . Then we denote b, (X) the absolutely free algebrd-, (X) =

WX, (Fi )i ) with (l:i):(tl,...,tn) ~ fi(t,,...t, ). An equation of type7 is a
pair(s,t) fromW,_(X) such pairs are commonly written=t. An equations=t is an

identity of algebraA , denote byA [Fs=tif s* =t* wheres® andt” are the term

operations induced by terngandt on A.
Let V be a pseudovariety of type. We denote bySul{V) the class of all

pseudovarieties of. It is well-known [2] the lattic&(V); = (Sul{V);C,[) is a complete
lattice, where
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KW OSulyv)|i O} =(\W and

il

O{W OSutyv)|i 01} =("{w OSulv) [ Jw Ow}
iol

for every family{W |i U1} of subpseudovarieties ¥f. Let K be a class of algebras of
type 7, the classHSPy(K) the smallest pseudovariety containikg Let A be a non-
empty set andP(A)be the power set o. A mappingy: P(A) — P(A) is called a
closure operatoon A if for any X,Y OP(A), the following conditions hold:

1. X O p(X) (extensivity),

2. XOY=p(X)Op(y) (monotonicity),

3. y(y(X)) O p(X) (idempotency).

3. Fuzzy subpseudovarieties
In this section, we present the concept of fuzhypseudovarieties of a pseudovaristy
and some results which shown in [1].

Definition 3.1. [1] LetV be a pseudovariety of tyge. A mappingA:V — [01]is
calledfuzzy subpseudovarieties V if the following conditions hold:

(1) OBOV OAOH(B), A(A) =2 A(B),

(2)0BOV OAOS(B), A(A)=A(B) and

3. )l(ﬁAi) >inf{A(A, ) |[1<i <} where{A, |1<i<r} O Alg (7).

We denote byFPV(7) the set of all fuzzy subpseudovarietiesVof By the definition

above, we note that i,B[JV such thatA is isomorphic toB, then A(A) = A(B).
Since every one element algebra of typie contained in every pseudovariety of type
A fuzzy subset of a pseudovariety of typeris a functionA :V — [01] and for

t0[0]] the setd, ={A TV | A(A) 2t} is calledlevel subsebf V .
Next proposition is correspondence to the definivf fuzzy subpseudovarieties.

Proposition 3.1. [1] Let V be a pseudovariety of type, A:V - [01] be a fuzzy
subset of V . ThenAis a fuzzy subpseudovarieties \6f if and only if for allt (I [0]]
the level subsed, # ¢ is a subpseudovariety df .

LetV be a pseudovariety of typeand A,V OFPW(T). We define the order on
FPV(7) by A <v (sometime written byl 1) which A <v meanA(A) <V(A) for
all ALJV. We review the notions of unions and intersectioinfizzy subset ofV . Let
{A 101} be a family of fuzzy subsets d . Arbitrary intersections and unions are
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defined by

("A)A) :=inf{4 (A)]i 01} and

iol

(UJA)(A) =supf (A)[i D1} .

iol
Then it is easy the verify that arbitrary intersmctof fuzzy subpseudovarieties &f is
again a fuzzy subpseudovarieties \¢f. In general, the union of fuzzy subpseudovarie-
ties of V need not to be a fuzzy subpseudovarietie¥/qsee in [1]). For a fuzzy subset
A of V , we define the fuzzy subpseudovarieties genetated by

(A). =("{vOFPV(r)|A0Ov}.
Next, we consider the lattice of all fuzzy subpsmuatieties of V . Let{A |iOl} be a

family of fuzzy subpseudovarieties ¥f. We define the mee and the join[C on
FPW(7) as follow:

CA=A and [A=KAOFPV(7)| JA OA}.

ial icl iol ial
Then the following theorem which is easy to verify.

Theorem 3.1. [1] The lattice of all fuzzy subpseudovarieties\¢f denoted byFPV(7)
= (FPV(7);C,[) forms a complete lattice which the least and tleaigst elements, say
0, 1, respectively wher@(A) =0, 1(A) =1forall AOV.

4. Fuzzy M-solid subpseudovarieties

In this section, we assume théatis anM-solid pseudovariety of type and then we give
the notion of fuzzyM-solid subpseudovarieties. First of all we startwitte concept of
hypersubstitutions.

A mappingo: { f, |i I} - W.(X) which mapseachn--ary operationsymbolto
anni-ary termis calleda hypersubstitutiorf type 7 . Eachhypersubstitutiong induces

n

amapo onthesetof all termswhichis definedby

(1) o(x) =x if xOX is a variable,

) ol fit,,...1, )] = o(f;)(oft.].... oft,, ]) for composite termd, (t;,...1,, ).
On the setHy[r) of all hypersubstitutions of type, we define a binary operation

N

o, t Hylr) - Hyp(r) by 0,0, 0, = 0100, whereo is the usual composition of
functions. Then together with the identity elemeht mapping eachf; to term

f. (X,....X, ), we obtain a monoidHy[(7);,,,0;4)- Let A= (A (™), ) be an alge-
bra of typer and 0 OHyQ(7). The algebrd = (A o(f.")., )is calledderived algebra
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determined by A and 0. For the classK [ Alg (r) and for submonoid
M O Hyl(7) we define

XulKl:={o(A)|cOM,ATK}.
We note thap(,@ is a closure operator ollg (7). A pseudovarityV of type 7 is called

M —solid if X,C,\ [V] =V. Now we give the notion of fuzzy-solid subpseudovarity of a
givenM-solid pseudovariety.

Definition 4.1. LetM be a submonoid oHY[(7) and lelV be anM-solid pseudovariety

of type 7. A fuzzy subsetd of V is called &uzzy Msolid subpseudovarity
(1) A is a fuzzy subpseudovarity &f,
2 OcOM OADOV, A(g(A)) = A(A).

We denote byFMP(V) the set of all fuzzy-solid subpseudovarities &f.

Proposition 4.1. Let V be anM-solid pseudovariety of typg, A:V - [01] be a fuzzy
subset oV. Thend is a fuzzyM-solid subpseudovarity of iff for all t[1[01] the level

subsetd, # ¢ is anM-solid subpseudovarity of .
Proof: Assume thatlis a fuzzyM-solid subpseudovarity of and lett [1[01]. Since
Vis apseudovariety and by Proposition 3wle havel, is a subpseudovariety M. Let
oM and A A,. By assumption, we havé(g(A)) = A(A) > t. Hence,g(A) T A,.
Altogether, A, is anM-solid subpseudovarity of .

Conversely, assume that for evdryl [01], A, # ¢ is anM —solid subpseudovarity

of V. SinceV is a pseudovariety and by Proposition 3xe haveA is a fuzzy
subpseudovariety of. Leto [IM and A JA,. We choosd = A(A) and by assumption,

we have g(A)0A,. So A(g(A)) =t =A(A). Therefore,A is a fuzzy M-solid
subpseudovarity of/.

The following proposition is a consequence of Bsijon 4.1.

Proposition 4.2. Let W be a subclass of aM-solid pseudovarietyV. Then the
characteristic functiom,, is a fuzzyM-solid subpseudovarity of iff W is anM-solid

subpseudovarity of/.

For fuzzy subsetiof an M-solid pseudovarity o¥/, we define the fuzzy-solid
subpseudovarity o¥/ generated by by

(1) = YAOFMPM7)| O A},
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Let K be subclass dfl-solid pseudovarity o¥/, the classHSP; (xo [K])is theM-
solid subpseudovarity 0f generated byK.

Lemma 4.1. Let V be a pseudovariety of typeandA be a fuzzy subset &f. Define a
mappingV:V - [0]] by for everyA 1V,

V(A) =supf O [01]| ACHSP: (A,)} .
Thenv =(4)._.
Proof: Let AV and letl , ={t1[02]| AT HSP; (A, )}. First, we prove thav is a
fuzzy subpseudovarity of. It sufficient to prove that for all JIm({), v, is an sub-

1
pseudovarity ofV. Let tJIm({) and t, :t_ﬁ’ nO N\{0}. Let AOV,. Then

V(A) 2t, soV(A) =t for all nO M {0} . Hence, there existsUI , such thatS>t,,
since if for allsUl,, s<t_,thenV(A)=supl, <t,. This give a contradiction. Thus,
A;O0A and so AOHSP (A) U HSP (4, ) for all nO N\{O}. Therefore,

Al ﬂ HSP; (4, ). Conversely, letA ] ﬂ HSP: (4, ), thent, U1, for all nJ

nON{O} nCN\{0}
1
N\{O} . Thent, =t — <sup , =V(A) for all nO N\{0} Hence, V(A)=t, i.e.,
AOv,. ThenV, = ﬂ H SP; ()ltn),which mean thav, is an subpseudovarity & and
nON(O}

by Proposition 3.1we have/is a fuzzy subpseudovariety Wf. Next step is to show that
AOv. Let ADV. SinceA(A)Ul,, we haveV(A) = A(A). This mean thatd Ov.

Finally, we want to prove that for any fuzzy subpsevarietyd of V containingd, we
havev [ 0. it is clear that for alt [1[01], we have thaHSP;(A,)is a subpseudovariety
of 9, since for allAV and AL A implies thatt < A(A) 2 d(A), i.e., ALJ, and so
HSP; (A) is a subpseudovariety a@. Now, we prove that for evenp [V,
V(A)<I(A). Let AOV and tOl,. Then AOHSP; (A) U3, implies o(A) =t.
Therefore,V(A) =supl , <J(A), ie.,v 0.

Lemma 4.2. Let V be anM-solid pseudovariety of tygeandl be a fuzzy subset &f.
Define a mappingl :V - [01] by for everyA OV,

A(A) =supf O[O AT HSP (xu[4])} -
ThenA = (,u)

£
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Proof: Let AOV and letl , ={t O [01]| AO HSP; (xy[14])}. First, we prove tha#
is a fuzzyM-solid subpseudovarity of. It sufficient to prove that for al JIm(A), A,

1
is an M-solid subpseudovarity o¥.Let t[1Im(A) andt, =t s nO N\ {O}. Let

AUOA. Then A(A)=t, so A(A)=t,, for all n0 N\{0}. Hence, there exists
s, such thats=t,, since if for allsCll,, s<t_, then A(A) =supl, <t.. This
give a contradiction. Thug [J 24 and soA [ HSP; O [i]) O HSP (X,f,l\[,u[n]) for

all n0 N\ {0}. since xjis a closure operator. Therefo, [ [ HSP; Ol D).
N0}

Conversely, letAll ﬂ HSP; ()(Q[,utn]), then t, 01, for all NON\{0}. Then

nCON\0}

t, =t-

n

Sl

<supl, =A(A) for all nO N\{0}. Hence, A(A)=t,i.e., AOA. Then

A= ﬂ HSP; ()(Q[,utn]), which mean that, is anM-solid subpseudovarity ¥ and
FON{O}

by Proposition 4.1we havel is a fuzzyM-solid subpseudovariety &f. Next step is to
show thaty [0 A. Let AOV. Sinceu(A)Ul,, we haved(A) = L(A). This mean
that [J A.Finally, we want to prove that for any fuzkssolid subpseudovarietg of

V containing, we havel 0 a. it is clear that for alt I [04], we haveH SP; (x5, [£4])

is an M-solid subpseudovariety @f,, since for alA[lV and AU/, implies that
t<u(A)=a(A), ie., Ada, and soHSP; (x5 [£4]) is anM-solid subpseudovariety
of a,. Now, we prove that for eve& IV, A(A)<a(A). Let AOV andtUl,. Then
A HSP (X [14]) Oa, implies that @(A) = t. Therefore, A(A) =supl , < a(A),
i.e., A0a.

By Theorem 3.1, we obtain the following lemma.

Lemma 4.3. The latticeFMP(V):= (FMRV);C,[) of all fuzzy M-solid subpseudova-
rieties ofV is a complete lattice.

As the same result in [1], we obtain that thedatbf all M-solid subpseudovarieties
of V can be embedded into the lattiel! P(V).

Lemma4.4. Let M be a submonoid oHyp(7), V be anM-solid pseudovariety of type
r and{A; | j0J} OFMPV). Then (U/‘i)t is closed under taking the operatyf, ,

j0d
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ie., xul(JA)d=UA).
i j0J
Proof: Let{A; | j0J} OFMRV). Since X, is a closure operator oAlg (7). Then
X [(U/lj)t] O (U/1j );- For another inclusion, lefA D(UAJ—)t and 0 JM. We have

jog j0d j0d
(U/]j )(A) =Sup{ﬂj (A)]jOJ3} =t Since/]l- (a(A)) =2 /1j (A), for all j 0J, we have
j0J
supf, (o(A) | j O3} 2sup@d, (A)| jOJ} =t. Then (| JA))(@(A)2t for all
j0d
oM, e, xul(UJA)10(UA ) Therefore xul(LUA). 1 =(UJA):-
jo3 jod jo3 o

Theorem 4.1. The latticeFMP(V):= (FMRV);L,[) of all fuzzyM-solid subpseudova-
rieties ofV is a complete sublattice PV (7) := (FPW(7);L,0) of all fuzzy subpseu-

dovarieties ofV.
Proof: Obviously, FMRV) O FPV(7). Let {4, | j 1 J} O FMRV). It is clear that if

J_D[J)Ij OFPW(7), thenjD[J)lj OFMRYV). Now, we want to show i}EDJ A OFPV(1),
then J_EJ A, OFMRV). Let ALJV. By Lemma 4.1 and Lemma 4.4, we obtain
(G4)(A) =supt 0[O A DR (A}
=sup 0 [01]| A OHSP; x4 ((A;)} for all ADIV.
|NN]
By Lemma 4.2, we hané:DJ A0 FMF’(VJ). This show thathe latticeFMP(V) is a
complete sublattice ofFPV (7).

Let V be anM-solid pseudovariety of type.It is natural to ask for the relation-
ship between the complete lattided ,P(V) = (FM,P(V);C,L) and FM,P(V) =
(FM,P(V);,0) when M, and M,are both submonoids dflyp(7), and M,is a
submonoid ofM,.

Theorem 4.2. For any two submonoidM,andM , of the monoidsHyp(7) with M, [

M,and M, M, solid pseudovariedy, the latticeFM,P(V) is a complete sublattice of
the latticeFM 1P(V).
Proof: First, we show thaFM,P(V) 0 FM,P(V). Let ALFM,P(V), oM, and

ALV. We haved(g(A)) =2 A(A).SinceM, LI M,, we haved(g(A)) = A(A)for all

120



FuzzyM-solid Subpseudovarieties

oUOM;. Hence, ALUFM,P(V). Let {A; [j0OJ} OFM,P(V). It is clear that if
_EJ)I]- OFM,P(V), then_gj/]j OOFM,P(V). Next, we want to show that if
J J

_EJAJ- OFM,P(V), then _E]/]j OFM,P(V). By Lemma 4.4 and=M,P(V) [
J J
FM,P(V), we have )(,f,,\2 [(U)lj)t] =(U/1j)t. =X,C,\1[(U/1]-)t]. Let AV. Assume

03 j0d i
that EJ)I]- OFM,P(V). By Lemma 4.2, we have
J

(A)(A) =supt 001 A OHSP X [(UJA) 1}
i0d
=supf 0 [04]|A O HSPx, [(UJA) -
i0d
This mean thatjEJ A; OFM,P(V). Therefore, the latticEMP(V) is a complete

sublattice of the latticEM 1P(V).

5. Conclusion

We have defined the notion of fuzy-solid subpseudovariety of a givevi-solid
pseudovariety and shown that the lattice of alzjuki-solid subpseudovarieties of a
givenM-solid pseudovariety is a complete sublattice efltitice of all fuzzy subpseudo-
varieties of theM-solid pseudovariety. Moreover, for submonoids, M, of hypersub-

stitutions withM, OO M,,we show that the lattice of all fuzay,-solid subpseudovarie-

ties is a complete sublattice of the lattice offalizy M;-solid subpseudovarieties. It is
known that every-solid pseudova-rieties can be defined by a s&i-bfyperidentities.
But the connection between the lattice of all fukrgolid subpseudovarieties of a given
M-solid pseudovariety and the lattice of all fuadyhyperidentities of the pseudovariety
is still open.
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