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Abstract. In this paper authors have proved some result&lowenko congruenceR
with respect to Semi prime ided in a nearlatticeS. They showed that the quotient

nearlattice% is distributive if and only ifJ is semiprime. Moreover, they have included

a prime separation theorem for semiprime idealsthatend some results oA” and

A° for a O-distributive nearlatice are given. Figalthey have included a
characterization of distributive nearlattices wtile help of Separation theorems by using
semiprime ideals.
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1. Introduction

Varlet [8] first introduced the concept of O-dibtitive lattices. Then many authors [2, 6]
studied them for lattices and semilattices. Onatier hand, [4] studied the O-distributive
directed above meet semilattices extensively asdudsed different properties of these
semilattices by a number of characterizations. Ribcg9, 10] have studied them for
nearlattices. Again [5] have proved several intémgs results on O-distributive
nearlattices.

A nearlattice is a meet semilattice together with the propehst tany two
elements possessing a common upper bound havearsup. This property is known as
the upper bound property.

By [9], a nearlatticeS with 0 is called O-distributive if for ala,b,c0S with

aCb=0=alc imply ad(bdc)=0 wheneverbL c exists. [7] Introduced the

concept of semiprime ideals in a lattice. Then dtijdied these ideals elaborately and
established many interesting results. They alsergkthe Prime Separation Theorem for
O-distributive lattices, which give a flavour of gggation Theorem for non-distributive
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lattices. Then [11] extended the concept for reticks. An ideald of a nearlatticeS is
called a semiprime ideal if for al4,b,c(0]S with aCbOJ andalcOJ imply
aD(b DC)DJ wheneverbC ¢ exists. Hence a nearlatticB with 0 is called O-
distributive if (O] is a semiprime ideal 06. Let ALJS and J be an ideal ofS. We

define A™ ={x0S: xOadJ for all ad A}. This is clearly a down set containing

J. By [11, Theorem 5], we know that wherd is semiprime therA™ is in fact a
semiprime ideal A called an annihilator oA relative toJ .

For an ideald of a nearlatticeS, define a relatior on S by a=b(6) if and
only if (a]DJ :(b]DJ . In otherwords,a =b(8) is equivalent to * for eackx S,
alLxOJ ifandonlyifbCx0J.”

In this paper, we will show that this is a congreeeion the nearlattic& when
J is semiprime. We call it as Glivenko congruencecéhtly Glivenko congruence have

been studied by [12]. In this paper, we extend igvesults of [12] and then establish
some new results.

2. Main result

Proposition 2.1. Let J be a semiprime ideal in a nearlattiSe Define a relationR on

S by x=y(R) if and only if{x}DJ = {y}DJ . Then R is a nearlattice congruence on
S.
Proof: Clearly R is an equivalence relation dd. Now let x= y(R) andt[JS. Then

{x}" ={y}"7 . supposea O{x Ot} . ThenaCxCt O J which implies

alt D{x}DJ :{y}DJ .Thus,aCyCtOJ and soaO{y Dt}DJ . Therefore
{xoOt}73 o{yot}"9 . similarly, {y 0t}”3 0{x 0t} and so

{xOt}"3 ={y 0t}”3 . Hencex Ot = y Ot(R). Now let x = y(R) and xCt, y[Ct
exist for somet I S. Let aD{x Dt}DJ : ThenaD(x Dt)DJ and soal x,altlJ.

This impliesalCy,aCt0dJd as{x}™ ={y}"7. Thereforea O(y0t)0J as J is
semiprime. It follows thaR is a nearlattice congruence & e

Remarks: Let S be a nearlattice an® a congruence ois. We denote the quotient
nearlattice ofS modulo © by g f g has a zero elemerﬁﬁ], then [O] is called the
kernel of © . Clearly [0] is then an ideal o5. Notice that we do not requir8 itself to

have a zero element. § is an ideal ofS, we shall say that) is the kernel of a
homomorphism if there exists a congruer@@eon S such thatJ is the kernel of®© .
Thus an idealJ is a kernel providedJ is a complete congruence class for some
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congruence® on S. Then for everyx 1S and anyj [1J, x> XL j implies[—:)] >J

in g HencelJ is the zero element Gg

Theorem 2.2. Let S be a nearlattice and be an ideal ofS. Then the following
conditions are equivalent.
@i J is semiprime.
(i) J is the kernel of some homomorphism of S onto astributive
neralattice with O.
(i) J is the kernel of some homomorphism of S onto as@ilutive
nearlattice.

Proof: (i)=>(ii) Consider the elemeant[x],[y],[z] in E such thaty [ z exists

where R is the Glivenko congruence. Let= X D(y 0 z)(R). Then

{s}DJ ={xD(yO z)}DJ . Supposd D{s}DJ . ThentO(xO(yOz)0OJ,
hencet OxO{y 0z ={y}"> n{z"7.

Thereforet {x Oy}™¥ n{x0z™ ={(xOy)O(x0z}™ . Thus

x[y)[(x[z)]

, hence
R

{¢} S0 {xoy)o(xo Z)}DJ , equivalently,[—FSJ < [
[_é] D([—é] D[—é]j = ([_I):(\’] D[—é]j D([—é] D[—é]j . Since the reverse inequality is trivial, so

S . o ,
E is a distributive nearlattice.

Furthermore, for anyi,j0J clearly i= j(R). Moreover, for anyi(J,

i =a(R) implies {a}DJ :{i}DJ =S. This implies aldJ. Thus J is a complete
congruence class modul®. That is,J is the kernel ofR and so(ii ) holds.

(ii)=(iii) By (ii) J=ker® for some congruence® on S andg is a
distributive nearlattice. Since every distributivearlatticeS with 0 is O-distributive, so
g is O-distributive and ddii ) holds.

(ili)=(i) Let © be a congruence ofs for which J is the zero element of the

O-distributve nearlatticeg .Let xLydJ and x[ z[OJ such thaty [ z exists. This

[_é‘)] D%] byl ved [y]o[Z]. since g is O-distributive, it

implies
P C] o

37



Md. Zaidur Rahman, Momtaz Begum and A.S.A.Noor

follows that M DM =J. That is, w =J and sox D(yDz)D J.
C) © ©

ThereforeJ is semiprime.e

Now we give a separation theorem for semiprimel&dea

Theorem 2.3. Let J be a semiprime ideal of a nearlatti€ and F be a filter of S

disjoint to J . Then there exists a prime idedll] J such thatP n F =¢.

Proof: Define a relationR on S by x = y(R) if and only if{x}DJ :{y}DJ . Then by
Proposition 2.1 and Theorem 2.8 is a nearlattice congruence and the quotient
nearlattice% is distributive. SinceF n J = ¢, so% is a proper filter of%. It follows
now from the prime separation theorem for distilunearlattice [3] that there exist a

prime idealg of E disjoint to % Then clearly,P = h_l[gj is a prime ideal ofS

containingJ and disjoint fromF , where his the canonical homomorphism & onto
S

—. @

©

By [11, Theorem 5] we know that for any subs&tof a O-distributive nearlattices,
A- :{XDS| xOa=0 for all al] A} is a semiprime ideal. We also define

A% ={xO0s| xTOa=0 for someal A}.

Lemma 2.4. For a meet subsemilatticA of a O-distributive nearlatticé&, A is a
semiprime ideal.

Proof: By [10, Theorem5], A is an ideal. Now letx Ly [J A° andxOzOA? for
some X,Y,z0S with y[ z exists. ThenxCy[LCa=0 and xCzCb=0 for some
a,b0A. SinceA is a meet subsemilattice, sd_b[J A.

Now xCyCalCb=0=xCzCalCb imply xOaObO(y0z)=0 as S is a O-

distributive nearlattice. Thux D(y U z) 0 A% and soA® is semiprimes
Thus we have the following corollaries.

Corollary 25. Let A be a non-empty subset arlel be a filter of a O-distributive

nearlatticeS such thatA” n F = @. Then there exists a prime idefdl containing A"
suchthatPn F =¢.e
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Corollary 2.6. Let A be a meet subsemilattice arél be a filter of a O-distributive

nearlatticeS such thatA® n F = @ Then there exists a prime ideBl containing A°
andPnF =q.e

Theorem 2.7. Let J be a semiprime ideal of a nearlattiSeand suppose that for some
a,b0dS, albOJ. Then there exist semiprime ideafs and B (possibly improper)

such thataJ A, bOB andJ = An B.
Proof: If aldJ, then by choosingA=J and B =S, the theorem trivially holds. So
assume hence forth that neitr@ror b is in J. Now define the relatiorR on S by

x = y(R) if and only if{x}"? ={y}"3 . Since J is semiprime , so by theorem 2R,

. . S . o . S
is a nearlattice congruence anﬁlal is a distributive nearlattice. Let: S — E be the

canonical homomorphism with kernel . Put S’:E. Thus S is a distributive

nearlattice with 0'=J. Hence a' Cb' =0', where a' =h(a) and b’ =h(b). By
hypothesisa0J , b J, hencea’ # 0' # b’ . Choose the ideal®' = (&' Ob']n (b']

andB' = (a'Ob] n (a] in E . Sincea’ Ch' =0’ it follows thata’' J A" andb' (1B’

Clearly AnB' = (O']. Putting A=h™1A" and B=h"'B' yields the semiprime ideals
A andB.e

Theorem 2.8. A nearlatticeS is distributive if and only if for every idedl and a filter
F of S for which | n F =¢ there exists a semiprime ideal [1| such that

JnF=¢.
Proof: SupposeS is distributive. Then by [3, Theorem 2.6], therésts a prime ideal
P U1 such thatP n F =¢. Since every prime ideal is semiprime, so chooslng P

we get the result.
Conversely, suppose the condition holds.Sf is not distributive. Then there exist

X,y,zOS with y[L z exists such thatX D(y 0 z) > (x O y) D(x O z). Consider
I = ((ny)D(xDz)] and F =[x D(yDz)). Clearly | n F =¢. Then by the given
condition, there exists a semiprime idehl] | such thatd n F =¢. Now x[Cy[lJ
and XL z[OJ. Since J is semiprime , s D(yDz)DJ. This impliesJ n F # ¢,
which gives a contradiction. Hen& must be distributive.

Finally we include the following Separation Theorem

Theorem 2.9. Let F be a proper filter of a near lattice with 0. Then the following
conditions are equivalent.
(i) S is O-distributive.
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(i) For each finite subsef\ of S with F n A” = @, there exists prime filter
QUOF suchthalQn A" = g.

Proof: (i)=> (ii). Since S is O-distributive, so by [11, Theorem3,’ is a
semiprime ideal. Thus by corollary 2(& ) holds.
(ii)=(i). Conversely, let(ii) holds but S is not O-distributive. Then there &xis
abcOS with aCb=0=alc znq bCc exists but al(bc)#0. Set
F={x0S:x=al0(bOc)}. ThenF is a proper filter aDOF . Also alJF and
bCcOF. But for any xOF ,alx> aD(bDC);t 0. implies xO A” . Therefore,

F n A” = @. Hence by(ii ), there exists a prime filte® 0 F such thatQ n A" = ¢
. ThenbCcOS-Q. This implies eitheb0S-Q orc0S-Q asS-Q is a prime
ideal. Hence eithebQ or cOQ . Therefore, eithemCbQ or aCcOQ .

Which implies 0] Q and this gives a contradiction th& is a prime filter. HenceS
must be O-distributive.
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3. Conclusion

Glivenko congruence is an important topic distribatlattices. This concept

has been extended for O-distributive lattices his paper we have generalized
the concept for O-distributive nearlattices, whaale of course non distributive

nearlattices. In future, extending the resultsto$ tpaper futher research can
be down for general non distributive nearlatticeghvo.
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