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1. Introduction
Let A denote the class of functions of form

f(2) = z+ianz“, (1.1)

which are analytic in the open unit disk={z:zOC and |z|<1},

and S denote the subclass & consisting of all function which are univalentlih
Noor and Malik [14] introduced the classes of gafieed bounded Mocanu variation
associated with conic domains which generalize maagses studied in literature by
RO nning, Goodman, Kanas, Shams and Wisniowska.

The aim of our result is to generatize class of functions with bounded Mocanu
variation which map the open unit disk onto conamains. Interesting properties of
these functions are investigated.

Let f,gOA. If there exists a functiog(z) with ¢(0)=0, |¢(z)|<1, z0OU,
such thatf (2) = g(¢(2)), then we sayf (2) is subordinate t@(z) and we denote this
by f < g. Jackson[8] initiated)-calculus and developed the concept of ghentegral
and g -derivative.

For a functionf [0S given by (1.1) and) < q <1, the g-derivative of f is
defined by
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f(2) - (a2
————, 72%0,
0,f(9=7 z1-q) (1.2)
f'(0), z=0.
Equivalently (1.2), may be written as

0,f(2) =1+ i[n]qanz”‘l, zz0
n=2

where

1-q"

1-q

Note thatasy — 1, [n], - n. For a functionf (z) = 2", we can observe that

[n], =

n

n-1 _ n-1
" =[n],z"".

ny _ 1=
0,1(2)=0y(2) = g
Then
lim 9, f(2) =lim[n], 2" =nz"" = f'(2),
q-1 q-1

where f'(z) is the ordinary derivative. For more propertiesseg[3, 5]. As a right
inverse, Jackson[9] presented tpentegral of a functionf as

[ dg=20-a)3a f (zdh),

provided that the series converges. For a funcfi¢m) = z*, we note that

[[Tdt=[tdt=

k+1
4

[k+1],

(k#-1)

and
k+1 Zk+1

im [, f (Ot = lim

zZ z
=| f(t)dt,
a-1[k+1], k+1 IO ®

where J:f (t)dt is the ordinary integral.

Under the hypothesis of the definition of ga™diface operator, then we have the

following rules.
(i) 0,(af(2)tbg(2))=ad,f(2)+bd,g(z) , where a and b any real (or
complex) constants
(i) 0,(f(2)9(2)) = 9(a)0,f (2) + f(2)0,9(2) = f(2)0,9(2) +0,f(2)9(a2)
Gy @ (f(z)j: 9(29,f(2) - f(2)9,9(2)
9@ 9(a29(2)
Denote byP(q) (0<q<1) the family of functions of the fornp(z) =1+ p,z+ p,z* +...
regular in the open unit didd and satisfying
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1P -—1 <1, z0U, qOE).
1-q 1-¢

Definition 1.1. A function f (Z) JA is said to be in the class-UB, (a, 8,y), k=0, if
and only if, fora 20, 0<8<1,0<y<1, 0<q<1,

ReJ, (@, By, f (2> k|3 (@ By, f(2)-1]. (13)
where
_1-a|2,f(2) a | q2; f (2)
Jq(a,ﬁ,y,f(z))—m{ (@ ﬁ}+1_y{1 y+—6qf(z) } (1.4)

We note that:

(i) limq.1-k=UB,(a,B,y) =k-UB(a, 5,y), (Noor and Malik [14]);

(i)) limg..-k=UB,(0,0,y) =k—=ST and lim,_.,-k-UB,(1,3,0)=k-UCV,
(Kanas and Wisniowska [11, 12]);

(ii)) limq-1-k—UB,(0,5,y) = SD(k, B) and

limq.1- k=UB,(1,5,y) = KD(K, y), (Shams et al. [15]);

(iv) limq.1- K -UB, (a,0,0)=UM (a,k), (Kanas [15]);

(V) limq.,-0-UB,(a,0,0)=M,, (Mocanu [13]).
Geometrically, a functiorf O A is said to be in the class-UB,(a, 5, )), if and
only if, the functionJ (a,5,y, f(2)) takes all values in the conic domdm
which is defined as

Q, ={u+iv:u >k (u—1)2+v2}.

This domain represents the right half plane wken0, a hyperbola whe®@ <k <1, a

parabola wherk =1 and an ellipse whek >1. The functions, which play the role of
extremal functions of these conic regions are ga®ifollows

E, k:o,
1-z

2
1+£(|ogl+*/2j K=1,

/e 1-Vz
2 L2
> sinh’| (=arccok)arctarhv z| ,0<k <1,
1-k T

1 (7 e 1 1
sin vt dx [+ ,k>1,
k-1 {ZR(t) 0 V1-x*V1-(tx)? j k*-1

p.(2) = (1.5)

1+
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where u(z) :Z_—\/t ,t(0,1)z0U and z is chosen such thd =cos RO :
1-Vtz 4R(t)

R(t) is the Legendre’s complete elliptic integral ofe thirst kind and R'(t) is

complementary integral dR(t), [11, 12]. Equivalently a functiorf [JA is said to be in
the classk -UB,(a,B,y), k=0, if and only if, J (a,B,y, f(2)) < p,(2) , where
p,(2) is defined by (1.5)@ 20, 0< <1, 0<y<1.

By virtue of the properties of the domains fpr< p, , we have

P2 0(P@) > . (L.6)

Lemma 1.2. (Jack's lemma)[7] LetB(z) be analytic inU with B(0)=0. If the
maximum value of thEB(z)| on the circle|z|=r, (0<r <1) is attained atz = z,,
then there is a real numbet, A >1, such that
2B () _ )
B(z)

Lemmal3. If f(z)<H(2) and g(z) < H(2), then fortJ[0,1],

1-t)f(2)+tg(2) < H(2).
2. Main results
We need the following lemmas, to prove our maimiltes

Lemma 2.1. (g-Jack’s lemma)[17] LeB(z) be analytic inU with B(0) = 0. If the
maximum value of thB(z)| on the circle| z|=r, is attained atz = z, LJU, then there
is a real numbetd, A =1, such that
20,8(z) _
B(z,)

Proof: Using the definition ofy-difference operator and Jackd€™s Lemma (1.2), then
we have

0.8(-BO-B@ _B@O-B@) o,

(1-a)z (z2-2)
If we take the limit forz — z, we get

fim 94B(2) = 0,B(2,) = lim Bl2)=B(&) _ gy

s (2-2)
Therefore we have
z,B'(z,) = AB(z,) = z,0,B(z,). Hence the result.

Lemma22.[4] Let f(z)OA, then

0. f
8 {log(f (2} =192 (2

(9-1) (29
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Proof:  a.{log(f (2))} =, log(f (2))d, f (2),

but
9. log(1 (2) = 09l (@) ~log(1(@) ___Inq__
(a-1)f(2) (a-1)f(2)
Therefore
Ing 9,f(2
0 {log(f = .
log(f @} =~ =t 5
Lemma23. Let p(z) =1+ p,z" +..., N=1, be analytic in the unit dist) and let

9(2) =1+cz+..., be analytic and univalent i . If p(z) is not subordinate tg(z),
then there exists a real numbér(A 21), z,0U and {, 00U such that

1. p(lzl<lz ) O g(u).

2. p(z)) = 9({,)-

3. arg(z,0,p(z,)) = ary(¢40,9({0))-

4. 120,p(2,) = A1£2,9(C5)]-
Proof: Suppose,p(z) is not subordinate tay(z), then there isz,JU such that
p(lz|<|z, |) O g(U) and p(z,) 0dg(U). Now let us defineF(z) = g~*(p(2)), then
F(z) satisfies the hypotheses of Lemma 2.Z & z,, and hence the result.

Lemma 2.4. Let § and y be complex numbers wiid # 0, and leth(z) be a regular

inU with h(©)=1and  R4h(z)+] > 0. 2.1)
If p(z) =1+ p,z+... is analytic inU, then
02+ 2P 1o ) <h). 2.2)
Bo(2)+y

Proof: Let us assume that all functions under considaratire analytic in the closed
disc U. Suppose thap(z) is not subordinate t@(z), then by lemma 2.3, there are

z,0U, {,00U and A, A =1, such that

Zan p(zo) — (anh(ZO)
24"t —h _ 2.3
P Bz i)y 9
From (2.1), we have
argn(do) + <7,

and {,0,h({,) is in the direction of the outer normal to the wex domainh(U) ,

therefore the right-hand of (2.3) is a complex namtutsideh(U) .
Therefore
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2,0 ,P(%)

h(V),
Aoz +y

p(z) +
and this contradicts the hypothesis.

Hence p(z) < h(z) . To remove the restriction, we need to replgge) by p, = p(72)
andh, = h(7z), 0<7 <1. All the hypotheses of the theorem are satisfiatl fs@nce we

conclude thatp, (z) < h.(2) for each7 . By letting7 — 1, we getp(z) < h(z).

Lemma 2.5. Let 8 and y be complex numbers wiii # 0, and leth(z) be regular in
U with h(0)=1 and R h(z)+y] > 0. Let p(z) is analytic inU, p(0)=1 and
satisfies

o)+ 2aPA ) (2.4)
B +y
and g(z) is the analytic solution of
g(Z) +M = h(z)’ (2.5)
B(2)+y

then g(2) is univalent, p(z) < g(z) < h(2).

Proof: Let us assume that all functions under consideratie analytic in the closed disc
U. Then (2.5) and Lemma 2.4 implg(z) < h(z) and g(z) <h(2). If p(2)°h(2),
then by lemma 2.3 there ag U, {,J0U andA, A =1, such that

Z,0,P(%) _ A{:049(<5)
P o+ ™9 gy
From (2.4) and (2.5), we get
2,0,p(z,) _
St L Alh(Z,) - Oh(U). 2.6
P(z)+ sy = 90 + Al - 9] OhV) (2.6)

Now h(U) is a convex domain, and({,) Joh(U), A=1 and[h(ZO) - g(ZO)] points
out of the domain. And this contradicts (2.6). Heme conclude thap(z) < g(z).

To remove the restriction on the functions involveee introducep(7z), g(7z) and
h(7z). Hence the proof.

Theorem 2.6. A function f DA and of the form (1.1) is in the claks-UB, (a, B, )) if

W, (@, f.,0) < (1= A1), @)

where

W, (k,a,8,y,0) = (k+1{([n], ~1)(1- @)L~ ) +a(1- B)ln],(n], -1} |4, |
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+(k+1)z{(m ~1)(I-a)(1-p) +[n- jl,a(l- Afin+1- l,|aa,.,

+(1-B)1-y(n], +)|a, |+(1-A)(1- V)Z[n +1-jlg laja,., |-

wherek>0,0>20,1>£4>0,1>y>0,1>q9>0
Proof: Assuming that (2.7) holds, then it suffices to shbuat
k|3,(@.B.y.T(2))-1|-R4J,(a,B.y. T (2)) -1 <1.

Now, consider
e @@ | a [, a@if@)]
|34(a. B,y 1(2)) 1I—‘1 /3{ (@ /5’}+1_y{1 y+ 6qf(z)} 1‘
_|1-a 71(20,f (9 _a-as8, vge @ 9P, _
- 1@ 1- B 1-y 9,f(2)
_|1-a (20,1 1-a o a@if(d)
-8 1(2) 1ﬁ1yaf(z)\
_|@-a)1- 2,1 (29, f (2) - (1-a)(1- /) (23, T () + a(1- Bz (2)9;f (2)|
| (1-A(1-N (29, (2) |
(2.8)

Now, from (1.1) and (1.2), we have
20,f(2)0,f(2) = Z(Z[n]qanZ”'lj(Z[n]q%Z”'l}ao =0,a =1,[0], =[1], =1

o

:_(Z n] anz”j(i[n]qanz"] %i(Z[J] [n-il,aa, J]

n 0\ j

:i[im [n- nqa,anjj =2+ 3] Mikdn- J]qajan,J .
: Z{Z il +1- 11,23, ]z
:Z+i[2[n]qa +Z[J] [n+1 J]q i n+1— Jzn'

Similarly, we can get

f(29,f(2) = zi(drﬂq +1)a, +§[”+1— ilo@an.., jz"
And
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f(20:f(2) = Z([n]q([n]q —1)a, +2[n +1-jl [n- J]qa,-aml.,-jZ”-
n=2 j=2
Using the equalities (2.8), we get

>, ~1)a-@a-y) +aa@- Hini,anl, - va,2
| 3,(a,B,y, T(2)-1]=—"=2

(1—ﬂ)(1—y){2+i[([n]q +1)a, + 3 In+1- ilqajam-j}”}

i{i([]]q -1)n+1-jl,(1-a)1-py)aa,., }Zn
+ n=2| j=2

(1-pa- V){HZ{([H] +1)a, +Z[n+1 1148, n+1-} "}

i[nZ[nJrl— il[n-il,qa(1- Paa,.,.; }Z"
+ n=2| j=2

(1—ﬂ)(1—y){z+i{([n]q +1)a, + SIn+1- [l a8, H

|

i\([n] -1)(1- a)(1- ) + qa(L- B)nl, (], -1} |3, |

<

00

(1-p)(1- V){l Z([n] +Dla, |-

n=2

n-1

Z[n+1 J] a] n+l-j

j=2

) AGAEILEERY RO GRS
. 2
(1- B)(1- y){l 5.0, +D)la, gi[nﬂ 1,82 }
ZZ [n+1- j1,In- 1,001~ Aa;a,..
+ .
(1—ﬁ)(1—y){1—§([n1q+1)|an|—§"2:[n+1 148,80 }
Since

k|3.@@ By, f(2)-1-0{,(@.B,y, () -4
<(k+1)[Jq(a,B8.y.1(2)) -1
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(k +1)§\([n] ~1)(1- a)(1- ) + da(1- Alnl,(n], -1) |a, |

n-1

<
(1- /- y){l Z([n] +1)a, |->3[n+1-j],aa }

n=2|j=2

(k+1)22([J] -Din+1-jl,A-a)1-y)aa,.,.

+
n-1

Z[n+1 J] a] n+l-j

j=2

00

(1-pA-p)1- Z([n] +1la, -,

n=2,

n-1

0

(k +1)22[n +1- j1[n- j1,q0(1- B)a,a,.,
+ n=2|j=2 .
(1- A)(1- y){l Z([n] +1)|a, | i”z[nﬂ il,a,a }

The last expression is bounded by 1 if

i(k +1)|([n], ~1)(1-a)(1- ) + ga(1- B)nl,([n], -1 I, |

+i{”2(k+1)\(mq ~Dn+1- j1,(1- @)1~ P28, }
+i{i(k+1)|[n+1— i1.In- i1,90(1- Haa,.., |}

+Z(1 A)A-y)(nl, +1)|a, I+Z(1 A)(1- V)Z[n+1 ila Dajan, |
<@-p)1-p).

This complete the proof.
As g - 1 in the above theorem we get the flowing resulvpdbby Noor and Malik in

[14], which reads.

Corallary 2.7. A function f of the form (1.1) is in the clads—UB(a, 8, y) if
Y aka fy) < (1-B)(1-))

where

Yok, By) = (k+Df(n-1)(A-@)(1-p) +na(l- B)n-1}a, |
+(k+1)X{(j ~D)A-a)(1-p) +(n- a1~ A}n+1- j)aja,.,

j=2

+(1-B)1-y)(n+1)|a, |+(1-B)(1- V)i(n +1-)laan. |

(2.9)
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wherek=0,a0>0,1>£>0,1>y=>0.

As g - 1 and fora =0, we get the following result, proved by Shams &udkarni
[15].

Corallary 2.8. A function f A and of the form (1.1) in the claS&(k,f), if it
satisfies the condition

A-Aa-y>
i{(k +1)(-1)(A- P8, [+K+ DI -DA- N0 +1- Daa,., I}

+§{(1—ﬁ)(1— Mg, [+1- AA-NL(+1-laa.., |}

>(1-PY{k+10-1)+ (1~ A}, |

(2.10)
This implies that

00

{nk+1)-(k+B)}la, |<1- 5.

n=2
As g — 1 and fora =1, we have the following result, proved by Shams Kntkarni
[15].

Corollary 2.9. A function f JA and of the form (1.1) in the clas¢D(k, y), if it
satisfies the condition

(1-B)(1-)
> i{n(k +1)O-1)(1- Bla, [k +1)3 (1~ A= D +1- Dfaya,. I}

n

. i{n(l—ﬁ)(l— Pla, 1+0-H-NY (0 +1- )22, |}
> (1- HY Pk + DO -1+ A~} 3, |

This implies that

00

> {nk +1) - (k+ )}l a, <1-y.

n=2
When =0, y=0 and asgq - 1, we get the well-known Kanas’s result [10].

Coroallary 2.10. A function f A and of the form (1.1) in the clatM (a,k), if it
satisfies the condition
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S, (ka) <1,
Y (ka) = (k+1)n-1)(1-a+na)|a, |

+k+ DS -D-@) +a(m- D aa,., [+(1+D)]a, |
where 1=2

n-1
+Z(n+1_ J)l a'ja'n+1—j |

j=2
Fora =0, =0 and asq — 1, we get the below result, proved by Kanas and
Wisniowska [12].

Corallary 2.11. A function f A and of the form (1.1) in the clags— ST, if it
satisfies the condition

00

Y{n+(k(n-1}|a, <1.

n=2
As q -1, a =0, k=0, then we get result, proved by Silverman in[16].

Corollary 2.12. A function f OA and of the form (1.1) in the cla& (5), if it satisfies
the condition

> (n-B)la, I<1-4.

Theorem 2.13. If f(2)Uk-UB,(a,p,y). Then f(z)0SD,(k,{), where

__ @Ay (2.12)
(1-a)1-p)+al-p)
Pr oof: Let L Zaqf(z)—( =
roof: e 1-71 @ =p(2),
where p(z) is analytic inU and p(0) =1. Therefore
2,1 (2) =[(1-0) p(2) +]f (2). (2.13)
Using g -logarithmic differentiation of (2.13), we get
0,(8,1(2) _ (1-0)0,p(2) 0,1 (2)
2,/(2  (@-Np@+¢ (@
which implies that
q2,f(2) _ (1-)z0,p(2)
1 1 = 1 1- : 2.14
o @ la-ap@+e] HTOPETE @19

Using (2.13) and (2.14) in (1.4), we get
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3@ By 1(2) =T {1-0)p@) +{ - B}

ﬂ
NEH P (1-0)2, p(2) }
{(1 PR @+l
(1 a)(1-y) +a(1- §) B~ y)(1-a +ay(l1- B)
(=g @mOP@ =T
L@ (1-02,p2)
1—y[(1—5)p(z)+z]'
1-A-y)
A-a)i-p) +a(d-p)’

J (@, 8.y, 1(2)) = p(2) +

Now for ¢ = we have

20,p(2)
p(2) +

Z .
1-¢

1V

Since f (2) Uk -UB,(a,8,y) , we get
20,p(2)
T e O
a 1-¢
1-y k N {
o k+1 1-¢

p(2) +

where p,(2) is defined by (1.5). SincR% }> 0, zOU, applying

Lemma 2.5, we get
1 [20,f(2)
1-¢| (2

—Z} = p(2) < p(2), which implies thatf (2) 0 SD, (k, {).

Theorem 2.14. Let f JA. Then f(2)0k-UB,(a,B,y), a #0,if and only if, there
is a functiong(z) Uk — ST, such that

f(2)= {mjtm'l(g(t)) @ d t} =7+, (2.15)
Wherem:1+w.
a(l-p)
Proof: From (2.15), we have
(2, F(2))f ()" = z{m—%—l}(g(z))V. (2.16)

Using g -logarithmic differentiation of (2.16), we get
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aqiﬁza;f(Z)‘)Jf(m—l)aqf(z)={m—l_y—1}1 (l y)aqg(z)
.f (2 f(2) a z 9(2)
This implies that
, 995 () +(m_1)zaqf(z) _ (m_l—y)+(1—y) zaqg(Z)_
2,f(2 f(2) a a a(2)
Substituting form= 1+w , we get
a(1-p)
ST e
1-8| (2 1- d,f(2 g(2)

Now from the definition, we get the required resul

Theorem 2.15. Let f(z) Dk -UB,(a,B3,y) . Then the function

1-a
9(2) = z(@jw (.t @) (2.18)
belongs tok — ST, for all zLJU.
Proof: Using q-logarithmic differentiation of (2.18), we get
092 _1,1-a@,f(2) 1-a1_ a1 a quzf(Z)
92 z 1,8 f(2) 1,82 1-yz 1y6f(z)
This implies that

zaqg(z) 1-qg 20 f(z) 1 qza f(z)
92 1-8 f(Z) 1—V 2,f(2)
and the result follows sincé Ok -UB,(a, B, )).

Theorem 2.16. For a >a, 20, k-UB,(a,B,y) Uk-UB,(a,,B,)).
Proof: Let f(z)Ok-UB,(a,p,y). Then

3@, By, 1)
2,00 | a [ a@ii@
{ (@ ﬂ}+?y{l " f(z)}

jJ .81 1)+ L3, (@, 8y, 1(2)
j 1 {zaf(z) ﬁ}&[ﬂ{zﬂqf(z)_ﬁ}+i{1_y+qzﬂéf(z)}]
1-5| (2 a|l-8| (2 1-y 2,f(2
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=@—ﬁ}ua+ﬂpxa
a a

= p(2),

1 [2,f(2
where pl(z):m{ Q) —,B}DP(q)
and

_a|l-a, (D@ |, a | adif(2)
pz(Z)—;ll_ﬁ{ t(2) ﬁ}+1_y{1 y+—6qf(z) HDP(q).

Now f(z)Uk-UB,(a,p,y), therefore

Jo(@. 8.y, 1(2) = p(2) < p(2).

Using Theorem 2.13, we obtain

34(0.8.y.1(2)) < p (D).
Using these along with lemma 1.3, we get

3@, B.y. £ (2) =< p(2),
which implies thatf (z) Dk =UB, (a,, B, y)-
The q-Bernardi integral operator is defined as the folfm: Let f(zZ)JA . Then
L;:A - A is said to beg-Bernardi operatot ; (f) = F,, and

[a+1], (2. o([a+1], ). _,
F.(2) =qu0t H(t)d,t =n§£[a+n]‘; Janz . (2.19)

Now we prove the following.

Theorem 2.17. Let f(2)k-UB,(a,p,y). Then F,(2)00SD,(k,{), where { is

defined by (2.12).
Proof: From (2.19), we have

ZF,(2) = [a+1]qjozta_lf (t)d,t.
which implies that

[a+1], f(2) =[a],F.(2) + 0 ,F.(2). 2.70)
Using g -logarithmic differentiation of (2.20), we get

20,f(2) _ 2 (29,F.(2))+[al,29,F.(q2

f2  2,F.(2)+[al,F.(2
zaq(zaqFa(z))+[a]q 20,F,(q2)
F.(q2) F.(q2)
ZaCIFa(Z) +[a]q

F.(a2

(2.21)
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, DaFa(a2) _
F.(a2)

Le (1-¢)p(2)+{ with p(z) is analytic inU and p(z) =1. Then

2,F.(2) =[(1-0) p(2) + ¢ ], (a2).
Using q-differentiation, we get
0,(@,F.(2)=[(1-0)p(2)+ ¢[F. (a2 +[(1-0) p@)F. (a*2)
which implies

Zﬁq(Z@qFa(z))_ _ 2 _ F, q°z)
W—[u O)p@)++1-2)2,p(2)] @

F.(a2)
g* by (2.19), therefore

syt R0’ _
F,(a2)
20 \z0 F
% =[1-0)p(@ + ¢ +[a- a2, p(2)] (2.22)
Using (2.22) ina(2.21), we get
2,1(2) _[1-0)p(2) + ] +[1-0)a* 2, p(2)]+[al,[(1-0) p(2) +¢]
(2 (1-0)p(2)+ +lal,
o (1-{)q°20,p(2)
R e @+ ¢+,

=(1-0h(2) +<. (2.23)
where
q°20,p(2)
h(z) = p(2) + d : 2.24
O P ey +¢ +1al, (224
Using g -logarithmic differentiation of (2.23), we get
92, (2) (1-{)z0,h(2)
1+—3 2 =(1-h(D+7+——9 >~ 2.25
31 - O (2.25)
Using (2.23) and (2.25), we get
l1-a

J @ By f(2)="—{1-Oh(2)+{ - B}

1-8
3 (1-9)BN(2)
+E{(1—Z)h(z)+z+(1_Z)h(Z)+Z }

@)D +a-B) s 1 BA- @A) +ay(- B)
(—ainy)  @On@+] 1-a)1-p)

L a 1-02,)

-y - Oh@D) +¢
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(1-a)1-y)
1-a)1-Y+a@-p)

J.(a.B.y.1(2) =

Now for { =1— we have

20,h(2)

1-y ¢
po h(z)+1_z

Since f (2) Uk -UB,(a,8,y) , we have

20 .h(2)
h(z) + : < p(2),
1;yh(z)+Z

1-¢

{ .
+ >0, zUOU, applyin
e 1—5} pplying

where p,(z is defined by (1.5). SincE{l_y k
a

Lemma 2.5, we get
q°20,p(2)
(1-0)p(2) +{ +[al,

Now as D{(l—()ﬁ+{+[a]q} >0, z0OU, again applying Lemma 2.5, we get
+

p(2) + =h(2) < p(2).

P(2) < p,(2), which implies thatF, (z) 0 SD, (k,{). This completes the proof.

As q - 1 in the above theorem we get the flowing resulivetbby Noor and Malik in
[14].

Corollary 2.18. Let f(z)Ok-UB(0,5,y). Then F,(2)0SDKk,{) , where { is

defined by (2.12).
As g - 1 and fora =0, we get the following result, proved by Shams &utkarni

[15].

Corollary 2.19. Let f(z) Ok—-UB(0, 4, y). ThenF,(z) O SD(K, 5).
As q - 1 and fora = =0, we get the following result, proved by Bernarti [

Corollary 2.20. Let f(z) Ok -UB(0,0,y). ThenF,(z) Ok —ST.
As g —» 1 and fork =a = =0, we get the following result, proved by Bernari [

Corollary 2.21. Let f(z)J0-UB(0,0,)). ThenF, (2)0S .
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