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Abgtract. In this paper, we investigate the lattice structofehe set of allL -closure
operators on a given nonempty ¥t when membership latticé is a bounded chain. It
is proved that in this case, the lattice of hltclosure operators is distributive, modular but
not atomic and not complemented. The authors digpcertain known theorems on the
above lattices and the correct results are provided
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1. Introduction

In 1965, the concept of fuzzy sets and fuzzy setatfpns were first introduced by Zadeh
in his classical paper [12]. In 1968, Chang [2]legbsome basic concepts from general
topology to fuzzy sets and developed a theory mfyfuopological spaces. Closure spaces
which is a generalization of topological spaceseni@troduced by Cech [1] and then
studied by many authors. They have extended mapgldgical concepts to closure
operators. Fuzzy closure spaces were first stugyellashhour and Ghanim [7]. Fuzzy
closure spaces are generalization of fuzzy topoddgipaces. The definition of Mashhour

and Ghanim is analogue & ech closure spaces. Srivastava et al., [9] havedated
fuzzy closure spaces as analogue of Brikhoff clespaces. Srivastava and Srivastava
[10] have studied the subspace of a fuzzy clospaeesand introduced the notion of a T
-fuzzy closure space. Johnson [5] has studiedatied structure of the sdt(X) of all

Cech fuzzy closure operators on a fixed $€ét and proved that (X) is a complete
lattice but not complemented. Zhou [11] has intamtuthe concepts ok -closure spaces
and the convergence ih -closure spaces.

In this paper, we have investigated théckattructure of the latticd.C(X) of all
L -closure operators on a given non-empty ¥etwhen membership latticd is a
bounded chain. In addition, we have identified ithfea L -closure operators and their

number and established a relation between ultraopology and ultralL -closure
operator.
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2. Preliminaries
Throughout this paperX stands for a non-empty sdt, for a bounded chain with the
least element 0 and the greatest element 1, wh@lcompletely distributive lattice with an

order reversing involution ' (i e Oab0L,asb=a =b" and for every
aldL,a"=a )and
L* ={f:f:X - L isamapping }. The constant function I, taking valuea is
denoted bya and x,, where y(# 0)J L, denotes thel - fuzzy point defined by
y if y =X
%) = {O otherwise’
Any fO L* is called as arL -subset of X and the complement of , denoted by

f' is defined by the formulaf'(x) =[f(X)]'. The following are some important
definition reported in [3,6] :

Definition 2.1. Anelementof L iscalled anatomifitisaminimal element of L\{0} .

Definition 2.2. An eement of L is called a dual atom if it is a maximal element of
L\{1}.

Definition 2.3. Let 0 beanonempty subsetof L*.Wecall d an L -topologyon X,
if 0 satisfiesthe following conditions:

(1) 0100.

@)if f,903,then f CgOd.

() if 6,00, then [mdlf do.

The pair (L*,0) is called anL -topological space.

In this paper, we take the definition &f-closure operator as a generalization of fuzzy
closure operator in [7].

Definition 2.4. A Cech L -closure operator on a set X is a function c:L* - L*
satisfying the following three axioms :

1) c©=0.

(2) f<c(f) forevery f in L*.

(3) c(fCg)=c(f)Cc(g) forall f,gOL*.

For convenience, we call it & -closure operator onX . Also (X,c) is called L
-closure space.

Definition 2.5. Inan L -closurespace (X,c),an L-subset f of X issaidtobe L
-closed if c(f)=f.An L-subset f of X is L -open ifits complement is closed in
(X,c).
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The set of all operlL -subsets of(X,c) forms anL -topology on X, called theL
-topology associated with the -closure operatorc.

Let F be an L -topology on a setX . Then a functionc:L* — L* defined by
c(f)=f forall fOL*, where f is the closure off in (L*,F), is an L -closure

operator on X called the L -closure operator associated with thetopology F .
An L -closure operator on a set is called L -topological if it is the L -closure
operator associated with dn-topology on X .

Remark 2.6. Note that the different L -closure operators can have the same associated
L -topology. But different L -topologies can not have the same associated L -closure
operator.

Example2.7. Let X ={x,y,zZ and L ={0,a,,1} beachainwith O<a < <1.
Then the functions ¢;, ¢, :L* - L* defined by:

o if f=0
c,(f)=49 if f=x, ,
1 otherwise
where g O L* is defined asg(x) = g(y) =1 and g(2) = 8
andcz(f)z{g it t=0
1 otherwise

are L -closure operators. Associatdd-topologies ofc, and ¢, are same, which is the
indiscrete L -topology.

3. Latticeof L -closureoperators
Definition 3.1. Let ¢, and C, be L -closure operators on X . Then ¢ <c, if and

onlyif c,(f)<c(f),0f OL*.

Remark 3.2. The st LC(X) of all L -closure operators forms a lattice with this

relation <. If ¢;,c, 0LC(X), then the join ¢ Jc, and the meet ¢ Jc, are defined
respectively by the following formulas :

(¢, 0c)(¥) = min {¢,(x),¢,(¥)} and
(¢, 0c)(¥) = max {c,(X),C,(X)} -

Definition 3.3. The L -closure operator D defined on X by D(f)=f for all

f OL", iscalled thediscrete L -closure operator.
The L -closure operatod on X defined by

0 if f=0
1(f)=1- " .
1 otherwise
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is called the indiscretd. -closure operator.

Remark 3.4. D and | arethe L -closure operators associated with the discrete and
indiscrete L -topologies on X respectively. Moreover D is the unique L -closure
operator whose associated L -topology isdiscrete. Also | and D arethe smallest and
the largest elements of the lattice LC(X) respectively.

Theorem 3.5. [5] LC(X) isacompletelattice.

In [8], we find the following theorem:

Theorem 3.6. [8] LC(X) isnot modular.

But this result is not true as shown by the follogvtheorem:

Theorem 3.7. LC(X) isadistributive lattice.

Proof: Let ¢,c, and ¢, be any three elements &fC(X).

Then by definition of< , we have

¢, (¢, Uey) = min [¢, max{c,,C;}]

and (c, Oc,) O(c, c,) = max [ min{c,c,}, min {c,C,}].

Forany f OL* and x(O X, assume that,(f)=g,, ¢,(f)=0,, c,(f)=g,
and g,(X) =@, 9,(X) =8, g;(x)=y.

Since a,B,y0L and L is a chain, the following six case arise:

(1) y<B<a (9 B<y<a ) a<y<p (4 y<a<p (5 B<a<y (6
a<f<y.

Casel y<pfB<a.

Then {c, [I(c, Ucy)}( f)(x)

= min {g,(X), max{g,(x), g;(X)}}

= min {a, max{g,y}}

= min{a,G}=0

and {(¢, Lc,) U(c e} f)(x)

= max{ min {g,(X),d,(X)}, min {g,(X), g(X)}} .

= max{min {a,S}, min {a,y}} .

= max{B,} = .

In the same way, it can be checked that the egualit

{c, O(c, Oc)} f)(X) ={(c, Oc,) O(c, Ocy)} f)(X) holds good in the remaining five
cases also.

Since f OL* and xO X were arbitrary,
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= ¢ (¢, Uey) = (¢ 1c,) (e Uc) .
= LC(X) is distributive lattice.

Coralary 1. LC(X) isamodular lattice.

4. Infra L -closure operators
Definition 4.1. An L -closure operator on X iscalled aninfra L -closure operator if
theonly L -closureoperator on X dtrictly smaller thanitis | .

Theorem 4.2. [5] If L =[0,1], thenthereisnoinfra L -closureoperatorin LC(X).

In [8], we find the following result :
Let X be any setandi, b0 X such thata#b. Define ¢,, : L* - L by

foif f=0
Y (F)=49,, If  f=a, ,
1 otherwise

where ¢ is a dual atominL and g,, is defined by

@ - |1 azD
9ot =g it a=b’

Theorem 4.3. [8] An L -closureoperator isaninfra L -closureoperator if and only if it
isof theform ¢, for some a,b0X,a#b.

But this result is not true becaug, , is not even anlL -closure operator as shown

below:
Let a,,8, OL*, where n,aJL suchthatp <a and a is adual atominL .

Then wa,b (aa [ a/]) = wa,b (aa) = ga,b
and [/la,b (aa) |:[/ja,b (aq) = ga,b |::_|_: :_I-
= wa,b (aa [ ar]) % [/la,b (aa) |:[/ja,b (aq) .

Remark 4.4. Let X be any nonempty set and L be a finite chain with the atom &
and the dual atom S.For any x,y[ X, define c,,: L - L* by

0 if f=0
C,,(f)=19,, Iif f=x,
1 otherwise

where g, ;[ L* is defined asg, z(y) = and g, 4,(2) =1,0z(# y) X . Clearly,
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g, isadual atominl*.

It can be easily checked thaf , is an L -closure operator andj, , can be replaced by

any dual atom inL* . Therefore the number of sudh-closure operators i*s>(|2 .

Theorem 4.5. Let X beanonempty set and L be a chain with the atom a and the
dual atom S.An L -closureoperator isaninfra L -closureoperator if and onlyifitis of

theform c,, for some x,y[ X.
Proof: Letc be any L -closure operator onX such that
csc,, =¢,,(f)=sc(f),0f OL.
Therefore c(f) =10f (# x,) OL* and 9,5 <Cc(x,). Since g, ; is a dual atom in
L*, it follows that eitherc(x,) = g, ; or c(x,) =1.
If c(x,)=9,4,thenc=c,, andif c(x,)=1,thenc=1.
Hence c,, is an infra L -closure operator.

Conversely, suppose that is any infra L -closure operator inLC(X). Then ¢ must
be of the form

0 if f=0
c(f)y=4#1 if f=g forsomegOL" .

1 forall f(z0,g)OL"
If C an L-subseth(z0)0L* suchthath<g,thenhCg=g and
c(hCg)=c(9).
= c(h)Cc(g) =c(9)
=10c(9) =c(9)
= ¢(g) =1, a contradiction.
= g must be an atom il.* i.e. g =X, for some x[ X and for the atoma [JL .

Now, if ¢(g) < f for some f(#2)OL*, thenc :L* - L* defined by :

0 if h=0
c(hy=5f if h=x,
1 otherwise

is an L -closure operator such tha # | and ¢, <c, a contradiction. Therefore(g)
must be a dual atom il* ie. c(g)(t)=L0Ot0X except for someyd X and
c(@)(y)=p. =c=c,,.

Thus all infra L -closure operators are of the fore), for some x,y [ X.
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Remark 4.6. If L isa chain with the atom @ and the dual atom £, then for any

nonempty set X , thereare |X|2 infra L -closure operatorsin LC(X).

Remark 4.7. Let X ={x,y,Z and L={0,a,f,1} beachainwith O0<a < [B<1.
Then thereare 9infra L -closure operators given by

0 if f=0
C.,(f)=19,, if f=x,
1 otherwise

where x,yO0 X and g, ;U L* is defined asg, z(y) =8 and g, ;(X) =g, 4(2) =1

. It can be easily checked that the-closure operatoc: L* — L* defined by

0 if f=0
c(f)=qa if f=x,
1 otherwise

can not be written as the join of infila-closure operators. Thus in genelaC(X) is not
an atomic lattice.

5. Ultra L -closure operators
Definition 5.1. An L -topology F on X iscalledanultra L -topology if theonly L
-topology on X strictly finer than F isthediscrete L -topology.

Definition 5.2. An L -closure operator on X iscalled an ultra L -closure operator if
theonly L -closureoperator on X dtrictly larger thanit, is D.

Theorem 53. Let ¢, and ¢, be two L -closure operators such that ¢, <c,. If F
and F, are the L -topologies associated with the L -closure operators ¢, and cC,
respectively, then F, U F,.

Proof: Let gUF,.

=c,(d')=9', where g’ is complement ofg .

=0'=6(9)=c(9)=9"

=6(9)=9"

= gUF, =F UF,.

Theorem 54. Let F, and F, be two L -topologies such that F, LJF,. If ¢, and C,
arethe L -closure operators associated with the L -topologies F, and F, respectively,
then ¢ <c,.

Proof: For any f OL*, let fl and f_2 be the closure off in the L -topological
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spaces(L*,F,) and (L*,F,) respectively.
Since K UF,,

= f,<f,.

—¢,(f)<q(f).

= <G,

Theorem 55. Let ¢ be an ultra L -closure operator. If F is the L -topology
associated with the L -closure operator C, then F isanultra L -topology.

Proof: If F is not an ultraL -topology, then there exists an-topology F, such that
F # X and FO F,. Let ¢, be the L -closure operator associated with thetopology
F,.Thenc #D.

SinceF UF,

=c<c, and [ an L-subsetgOL* suchthatgOF, but gOF.

=¢c(g)=g andc(g)z g

= c <, acontradiction.

HenceF is an ultra L -topology.

Theorem 5.6. Let F be an ultra L -topology. If ¢ is the L -closure operator
associated with the L -topology F, then C isanultra L -closure operator.

Proof: Suppose, there exists dn-closure operatolc; such thatc<c,. Let F, be the
L -topology associated with thk -closure operatorc; .

Sincec<c, =F0F andF is an ultraL -topology so it follows that eitheF, =F
or F = L* = discrete L -topology.

If F,=F,thenc,=c andif F, =L", thenc, =D = discrete L -closure operator.
Hence C is an ultra L -closure operator.

Theorem 5.7. Let X be a nonempty set and L be a bounded chain. Then an L

-closure operator is an ultra L -closure operator if and only if it is the L -closure
operator associated with some ultra L -topology on X .

Remark 5.8. If L =[0,1],thenthereisnoultra L -topologyin L* and henceno ultra
L -closure operator in LC(X) [4].

Remark 59. Let X ={x,y,Z and L={0,a,,1} beachainwith O0<a < [ <1.
Then the L -closure operatoc: L* — L* defined by
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0 if =0
c(f)=<a Iif f=x,
1 otherwise

has no complement> LC(X) is not complemented in general.
Remark 5.10. [5] If L=[0,1],then LC(X) isnot complemented.

6. Conclusion

In this paper, we have identified infra -closure operators and established a relation
between ultralL -closure operators and ultré -topologies. Also it is proved that
LC(X) is a distributive lattice wherL is a bounded chain. Lattice df -closure

operators whenL is a bounded lattice other than a chain, will scussed in future
papers.
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