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Abstract. Jayaram [2] introduced the concept of 0-modular semilattice. Recently, 
Rahman et al. [4] have introduced the concept of 0-modular Nearlattice. In this paper, we 
discuss 1-modular dual nearlattice. A dual nearlattice � with 1 is said to be 1-modular if 
for all �, �, � ∈ � with � ≥ � and � ∨ � = 1 imply � ∨ �� ∧ � = � provided � ∧ �	 exists. 
Akhter and Noor [8] have discussed 1-distributive join semilattice. In this paper, we 
include several characterizations of 1-modular dual nearlattices. 

Keywords: 1-distributive join semilattice, 1-modular dual nearlattice, prime filter, join 
prime element, dual atom 

AMS Mathematics Subject Classification (2010): 06A12, 06A99, 06B10 

1. Introduction            
Varlet [3] introduced the concept of 0-distributive and 0-modular lattices. A lattice � with 
0 is called 0-distributive if for all �, �, � ∈ �	with � ∧ � = 0 = � ∧ � imply � ∧ �� ∨ � =
0. A lattice � is called 0-modular if all �, �, � ∈ � with  � ≤ � and � ∧ � = 0 imply 
� ∧ �� ∨ � = �. Of course, every distributive lattice is both 0-distributive and 0-modular. 
[1,2,5,6]  have studied different properties of 0-distributivity and 0-modularity in lattices 
and semilattices. Akhter et al. [7] discussed some properties of 1-distributive join-
semilattice. A join-semilattice � with 1 is called 1-distributive if for all �, �, � ∈ � with 
� ∨ � = 1 = � ∨ � imply � ∨ � = 1	 for some  � ≤ �, �. In this paper, we discuss 1-
modular dual nearlattice and give several nice characterizations of 1-modular dual 
nearlattice. A dual nearlattice � is a join-semilattice together with the property that any 
two elements possessing a common lower bound, have a infimum. A dual nearlattice � 
with 1 is called 1-modular if for all �, �, � ∈ � with � ≥ � and � ∨ � = 1 imply� ∨
�� ∧ � = � provided � ∧ �	 exists. 

A lattice � with 1 is called 1-distributive if for all �, �, � ∈ � with � ∨ � = � ∨
� = 1 imply � ∨ �� ∧ � = 1. A lattice � with 1 is called1-modular if for all �, �, � ∈ � 
with � ≥ � and � ∨ � = 1 imply � ∨ �� ∧ � = �. A lattice 	�	ith 0 is called  semi 
complemented if for any � ∈ �, �� ≠ 1 there exists � ∈ �, �� ≠ 0 such that � ∧ � = 0. 
Dually a lattice � with 1 is called dual semi complemented if for any� ∈ �, �� ≠ 0 there 
exists � ∈ �, �� ≠ 1 such that � ∨ � = 1. A lattice �	with 0 and 1 is called 
complemented if for any � ∈ � there exists � ∈ � such that � ∧ � = 0 and � ∨ � = 1. A 
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lattice � with 0 is called weakly complemented if for any distinct elements �, � ∈ �, there 
exists  � ∈ � such that  � ∧ � = 0 but � ∧ � ≠ 0 (or vice versa). 

Let � be a dual nearlattice. A non-empty subset � of � is called filter if                                        
(i) �, � ∈ � implies there exists � ≤ �, � such that � ∈ �   
(ii)      � ∈ �, � ∈ � with � ≥ � implies � ∈ �. 

A filter � is called proper filter of a dual nearlattice � if � ≠ �. A proper filter � 
in � is called prime filter if � ∨ � ∈ � implies � ∈ � or � ∈ �.  For � ∈ �, the filter 
� = {� ∈ �|� ≥ �} is called the principal filter generated by �. It is denoted by ��. Let � 
be a dual nerlattice. A subset � of � is called an ideal if (i) �, � ∈ � implies � ∨ � ∈ �	(ii) 
� ∈ �, � ∈ � with � ≤ � implies � ∈ �. 

An ideal � of a dual nearlattice � is called prime ideal if � ≠ � and � − � is prime 
filter. 

An element � of a nearlattice � is called meet prime if � ∧ � ≤ � implies � ≤ � 
or � ≤ �. An element � of a dual nearlattice � is called join prime if � ∨ � ≥ � implies 
either � ≥ � or � ≥ �. A non-zero element � of a lattice � with 0 is an atom if for any 
� ∈ � with 0 ≤ � ≤ �	 implies either 0 = �	 or � = �. An element � of a dual nearlattice 
�	 with 1 is called a dual atom if for any � ∈ �	with	� ≤ � ≤ 1 implies � = �	or � = 1. 

 
2. Main results 
To obtain the main results of this paper we need to prove the following first three 
theorems and one corollary. 
 
Theorem 1. A dual nearlattice �	 with 1 is 1-modular if and only if for all �, �, � ∈ � with 
� ≥ �	, � ∨ � = 1, � ∧ � = � ∧ � imply � = � provided � ∧ � exists. 
Proof: Suppose � is 1-modular and �, �, � ∈ � with � ≥ �	, � ∨ � = 1.	Also let � ∧ � =
� ∧ �. If � ∧ � exists then � ∧ � exists by the lower bound property. Then � = � ∨
�� ∧ � = � ∨ �� ∧ � = �. Conversely, let �, �, � ∈ � with � ≥ �, � ∨ � = 1 and � ∧ � 
exists. Also let � ∧ � = � ∧ � implies � = �. Here � ≥ � ∨ �� ∧ � and � ∨ �� ∨
�� ∧ �" = � ∨ � = 1. Now, � ∨ �� ∧ � ≥ � ∧ �,	 so � ∧ �� ∨ �� ∧ �" ≥ �� ∧ �. Also 
� ≥ � ∨ �� ∧ � implies � ∧ �� ∨ �� ∧ �" ≤ �� ∧ � and so � ∧ � = � ∧ �� ∨ �� ∧ �", so 
by the  given conditions � = � ∨ �� ∧ � which implies � is 1-modular. 
 
Theorem 2. A dual nearlattice � with 1 is 1-modular if and only if the interval ��, 1" for 
each � ∈ � is 1-modular. 
Proof: If �	 is 1-modular then trivially ��, 1"  is 1-modular for each � ∈ �.	Conversely, let 
��, 1" is 1-modular for each � ∈ �. Let �, �, � ∈ � with � ∨ � = 1, � ≥ � and � ∧ � exists. 
Choose # = � ∧ �. Then � ∨ �� ∧ � = � ∨ ��# ∨ � ∧ �# ∨ �" = �# ∨ � ∨ ��# ∨ 	� ∧
�# ∧ �" = # ∨ � = � as the interval �#, 1" is 1-modular. 
 
Corollary 3. A dual nearlattice � with 1 is 1-distributive if and only if the interval ��, 1" 
for each � ∈ � is 1-distributive. 
 
Theorem 4. Let S be a dual nearlattice. Then the intersection of any two filters of � is 
also a filter. 
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Proof: Let �, $ be two filters of a dual nearlattice �. Let � ∈ � ∩ $ and � ∈ � with 
� ≥ �. Then � ∈ � and � ∈ $. Since both � and $ are filters, so � ∈ � and � ∈ $. Hence 
� ∈ � ∩ $. 

Again let �, � ∈ � ∩ $. So �, � ∈ � and �, � ∈ $. Since � and $ are both filters, 
then there exist & ∈ � and ' ∈ $ such that &, ' ≤ �, �. Let � = & ∧ '. Then � ∈ � ∩ $,  
where � ≤ �, �. Hence, � ∩ $ is a filter. 
 
Theorem 5. For a dual nearlattice  �	 with 1, if ��� is 1-modular, then � is 1-modular. 
Proof: Suppose ��� is 1-modular. Let �, �, � ∈ � with � ∨ � = 1, � ≥ � and � ∧ � exists. 
Then ��" ∨ (��" ∧ ��") = ��" as ��� is 1-modular. Thus �� ∨ �� ∧ �" = ��" and so 
� ∨ �� ∧ � = �,	 which implies that �  is 1-modular. 
 
Theorem 6. A dual nearlattice � with 1 is 1-modular if and only if the lattice of filters of 
the interval ��, 1" for each � ∈ � is 0-modular. 
Proof: Let � be 1-modular. Choose any � ∈ �. Then ��, 1" is also 1-modular. Let �, $, * 
be filters of the lattice ��, 1" such that � ⊇ * and � ∩ $ = �1.  Then � ∩ �$ ∨ * ⊆ * 
is obvious. Let ℎ ∈ *. Now � ∩ $ = �1 implies 1 = & ∨ ' for some & ∈ � and ' ∈ $. 
Thus ℎ ∨ & ≥ & and & ∨ ' = 1	 imply & ∨ �' ∧ �ℎ ∨ &" = ℎ ∨ & as �	 is 1-modular. So 
ℎ ∨ & ∈ � ∩ �$ ∨ * and hence ℎ ∈ � ∩ �$ ∨ *. Therefore, � ∩ �$ ∨ * = * and so 
the lattice of filters of ��, 1" is 0-modular. 

Conversely, suppose the lattice of filters of ��, 1" is 0-modular. Let �, �, � ∈
��, 1"such that � ≥ 	�, � ∨ � = 1.	Then �� ⊇ �� and �� ∧ �� = �1. So by 0-modular 
property, �� ∧ (�� ∨ ��) = ��. Thus, .� ∨ �� ∧ �) = �� and so� ∨ �� ∧ � = �. This 
implies ��, 1" is1-modular. Therefore, by theorem 2, � is 1-modular. 
 
Theorem 7.  If a dual nearlattice � with 1 is 1-distributive and ��, 1" is dual semi 
complemented for each � ∈ �, then the interval ��, 1" is0-distributive for each � ∈ �. 
Proof: Let �, �, � ∈ ��, 1" with � ∧ � = � = � ∧ �. Suppose � ∧ �� ∨ � ≠ �. Then there 
exists / ≠ 1 in ��, 1" such that / ∨ (� ∧ �� ∨ �) = 1.	 Then � ∨ / = 1 = �� ∨ � ∨ /. 
Thus / ∨ � ∨ � = 1 = �/ ∨ � ∨ �. This implies �/ ∨ � ∨ �� ∧ � = 1 as � is 1-
distributive. This implies 1 = / ∨ � ∨ � = / ∨ �. Again, using the 1-distributivity of S, 
/ ∨ �� ∧ � = 1. That is, 1 = / ∨ � = / which gives a contradiction. Therefore, � ∧
�� ∨ � = �. Hence, ��, 1" is 0-distributive. 
 
Theorem 8. Let � be a 1-modular dual nearlattice and �, 0 are two ideals such that 
� ∨ 0 = �1" and � ∩ 0 = ��" for some� ∈ �. Then both � and 0 are principal ideals. 
Proof: Suppose � ∨ 0 = �1" and � ∩ 0 = ��" for some � ∈ �. Then 1 = � ∨ 1 for some 
� ∈ � and 1 ∈ 0. Let � = � ∨ � and � = � ∨ 1.	 Then � ∈ � and � ∈ 0. We claim that � = ��"  

 
Figure 1: Pentagonal sublattice 
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and 0 = ��". Indeed, if for instance, 	0 ≠ ��", then there exists � ∈ 0 such that � > �. Then 
{�, �, �, �, 1} is a pentagonal sublattice of �. This implies � is not 1-modular and which 
gives a contradiction.   
Therefore,  0 = ��". Similarly, � = ��". Hence both � and 0 are principal ideals. 
A dual nearlattice � with 1 is called a dual semi Boolean lattice if it is distributive and the 
interval ��, 1" for each � ∈ � is complemented. 
 
Theorem 9. If a section complemented 1-modular dual nearlattice � is1-distributive, then 
it is dual semi Boolean. 
Proof: Let � < � for some �, � ∈ �.	Then � < � ≤ 1. Since  ��, 1" is complemented so 
there exists � ∈ ��, 1" such that � ∧ � = � and� ∨ � = 1. Now, if � ∨ � = 1, then by the 
1-modularity of �, � = � ∨ �� ∧ � = �, which is a contradiction. Therefore, � ∨ � ≠ 1. 
This implies � is weakly complemented. Also since  � is 1-distributive, so by Corollary 3, 
��, 1" is Boolean for each � ∈ � and so � is dual semi Boolean. 
 
Lemma 10. In a bounded dual semi complemented lattice �, every join prime element is 
an atom. 
Proof: Suppose � is a join prime element. Let 0 < � ≤ �. Then 0 < � ≤ 1. Since �	 is 
dual semi complemented, there exists � ∈ ��� ≠ 1 such that � ∨ � = 1. Since � ≤ �, so 
� ∨ � = 1. Since � is join prime element  so this implies � ≥ � or � ≥ �. But � ≥ � 
implies � = � ∨ � = 1,	 which is a contradiction. Hence � ≥ � and so � = �. Therefore, 
� is an atom. 
 
Lemma 11. Let � be a bounded 1-modular lattice. If � ∈ � is an atom and � ∨ � = 1 for 
some � ≠ 0�� ∈ �	, then � is a dual atom. 
Proof: Suppose � ≤ � < 1 for some � ∈ �. Since � ≥ � and � ∨ � = 1, so by 1-
modularity, � ∨ �� ∧ � = �. Also since � < 1,	 it follows that � > � ∧ � and so � ∧ � = 0 
as �		is an atom. Consequently, � = � ∨ 0 = � ∨ �� ∧ � = � by 1-modularity. Thus � is 
a dual atom. 
 
Lemma 12. Let � be a 1-modular dual nearlattice and ��, 1" is dual semi complemented 
for each � ∈ �. If for each � ∈ �, 1 is the join of a finite number of join prime elements in 
��, 1". Then �	is the meet of finite number of dual atoms in ��, 1". 
Proof: Let  1 =∨456

7 /4 , where /4′9 are join prime elements in ��, 1". By Lemma 10, each 
/4 is an atom in ��, 1".	 Since each /4 ≠ 1 and ��, 1" is dual semi complemented, so there 
exists :4 ∈ ��, 1" such that /4 ∨ :4 = 1, � = 1,2,⋯ , =. Also by Lemma 11, each :4  is a 
dual atom in ��, 1". Let� =∧456

7 :4 . Then � ∧ /4 = � as /4 is an atom for each �. As ��, 1" 
is dual semi complemented and 1 is the join of finite number of join primes, hence ��, 1" 
is 1-distributive and so by Theorem 5, ��, 1" is 0-distributive.Therefore, � ∧ �∨456

7 /4 =
�. That is, � = � ∧ 1 = �. Thus � =∧456

7 :4 . 
     We conclude this paper with the following Theorem which trivially follows from [2]. 
 
Theorem 13. For a dual  nearlattice � with 1, � is dual semi Boolean if and only if the 
following conditions are satisfied. 

(i) ��, 1" is dual semi complemented for each � ∈ � 
(ii) � is 1-modular 
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(iii) 1 is the join of a finite number of join primes 
 
3. Conclusion  
In this paper, we study the concept of 1-modular dual nearlattice. We also include several 
characterizations of 1-modular dual nearlattices and prove some results on 1-modular 
dual nearlattices.  Here we prove that, a dual nearlattice � with 1, is 1-modular if and only 
if the lattice of filters of the interval ��, 1" for each � ∈ � is 0-modular. 
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