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Abstract. Jayaram [2] introduced the concept of O-modular semilattice. Recently,
Rahman et al. [4] have introduced the concept of O-modular Nearlattice. In this paper, we
discuss 1-modular dual nearlattice. A dual nearlattice S with 1 is said to be 1-modular if
fordl a,b,c e Swithc=aandavb=1implyaV (bAc) = c provided b A c exids.
Akhter and Noor [8] have discussed 1-distributive join semilattice. In this paper, we
include several characterizations of 1-modular dual nearlattices.
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1. Introduction

Varlet [3] introduced the concept of O-distributive and 0-modular lattices. A lattice L with
O iscdled O-distributive if for al a,b,c € LwithaAb=0=aAcimplyaA(bVc) =
0. A lattice L is caled O-modular if al a,b,c € L with ¢ <a and aAb =0 imply
a A (bVc) = c.Of course, every distributive lattice is both O-distributive and O-modular.
[1,2,5,6] have studied different properties of O-distributivity and O-modularity in lattices
and semilattices. Akhter et d. [7] discussed some properties of 1-distributive join-
semilattice. A join-semilattice S with 1 is called 1-distributive if for dl a, b, c € S with
avb=1=avVvcimply avd =1 for some d <b,c. In this paper, we discuss 1-
modular dua nearlattice and give several nice characterizations of 1-modular dua
nearlattice. A dual nearlattice S is a join-semilattice together with the property that any
two elements possessing a common lower bound, have a infimum. A dua nearlattice S
with 1 is caled 1-modular if for al a,b,c €S with c>a and avb =1 implya Vv
(b Ac)=cprovided b A c exists.

A lattice L with 1 is called 1-distributive if for all a,b,c € L withavb=aV
c=1implyav(bAc)=1.A latice L with 1 is calledl-modular if for al a,b,c € L
with ¢ >a and avb =1 imply av (bAc)=c. A latice Lith O is caled semi
complemented if for any a € L, (a # 1) there exists b € L, (b # 0) such that a A b = 0.
Dualy alattice L with 1 is called dual semi complemented if for anya € L, (a # 0) there
exists beL, (b+1) such that avb=1. A lattice Lwith 0 and 1 is called
complemented if for any a € L thereexists b € L suchthat aAb=0andaVvb=1. A
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lattice L with O is called weakly complemented if for any distinct elements a, b € L, there
exists ¢ € L suchthat aAc =0butb Ac # 0 (or vice versa).

Let S be a dua nearlattice. A non-empty subset F of S is caled filter if
(i) a,b € F impliesthereexistsd < a,b suchthatd € F
(i) a€eF,xeSwithx >aimpliesx € F.

A filter F is called proper filter of adual nearlattice S if F #+ S. A proper filter F
in S is called prime filter if avb € F impliesa € F or b € F. For a € S, the filter
F = {x € S|x = a} iscalled the principal filter generated by a. It is denoted by [a). Let S
be a dual nerlattice. A subset I of S iscaled anideal if (i) a,b € I impliesa Vv b € I (ii)
a€S,i € lwitha <iimpliesa €1.

Anidea I of adua nearlattice S iscaled primeideal if I # Sand S — I isprime
filter.

An dement a of anearlattice S is called meet primeif bAc < aimpliesbh <a
or ¢ < a. An element a of a dua nearlattice S is caled join primeif bV ¢ = a implies
either b = a or ¢ = a. A non-zero element a of alattice L with O is an atom if for any
beLwith0<b<a implieseither 0 =b or b = a. An element a of a dual nearlattice
S with liscadled adua atomif forany b € Switha < b < 1 impliesa=borb = 1.

2. Main results
To obtain the main results of this paper we need to prove the following first three
theorems and one corollary.

Theorem 1. A dual nearlattice S with 1is1-modular if and only if for dl a, b, c € S with
c=a,avVb=1aAb=cAbimplya = cprovideda A b exists.

Proof: Suppose S is 1-modular and a,b,c € S withc>a,avb=1.AlsoletaAb =
cAb. If anb exists then c Ab exists by the lower bound property. Then a =av
(anb)y=aV(bAc)=c. Conversdly, let a,b,c €S withc=a,avb=1and bAc
exists. Also let aAb=cAb implies a=c. Here c=aVv(bAc) and bV[aV
(bAc)]=bva=1. Now, aV(bAc)=bAc, so bA[lav(bAc)] = (bAc). Also
c=aV(bAc)impliesbAlav(bAc)]<(bAc)andsobAc=bA[aV(bAc)], O
by the given conditionsc = a v (b A ¢) whichimplies S is 1-modular.

Theorem 2. A dud nearlattice S with 1 is 1-modular if and only if the interval [x, 1] for
each x € S is1-modular.

Proof: If S is1-modular thentrivialy [x, 1] is1-modular for each x € S. Conversely, let
[x,1] is1-modular for eachx € S. Leta,b,c € SwithaVv b =1,c = a and b A c exists.
Choose t=bAc. Then av(bAc)=aV[tVbD)A({tVe)]=(@Vva)V[(itV b)A
(t Ac)] =tV =castheinterva [t, 1] is 1-modular.

Corollary 3. A dual nearlattice S with 1 is 1-distributive if and only if the interval [x, 1]
for each x € S is 1-distributive.

Theorem 4. Let S be a dual nearlattice. Then the intersection of any two filters of S is
also afilter.
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Proof: Let F,G be two filters of a dua nearlattice S. Let a e FNG and b € S with
b=a.Thena € F and a € G. Since both F and G arefilters, sob € F and b € G. Hence
beFNG.

Aganleta,b e FNG.Soa,b € Fanda,b € G. Since F and G are both filters,
then thereexist f e F and g € G suchthat f,g < a,b. Letc=fAg. Thenc € FNQG,
wherec < a, b. Hence, F N G isafilter.

Theorem 5. For adual nearlattice S with 1, if I(S) is 1-modular, then S is 1-modular.
Proof: SupposeI(S) is1-modular. Let a,b,c € Swithavb =1,c=a and b A c exidts.
Then (a] v ((b] A (c]) = (c] as I(S) is 1-modular. Thus (aV (b Ac)] = (c] and so
aV (b Ac)=c, whichimpliesthat S is1-modular.

Theorem 6. A dua nearlattice S with 1 is 1-modular if and only if the lattice of filters of
theinterval [x, 1] for each x € S is O-modular.

Proof: Let S be 1-modular. Choose any x € S. Then [x, 1] isalso 1-modular. Let F, G, H
be filters of the lattice [x,1] suchthat F2 Hand FNG =[1). ThenFN(GVH) S H
isobvious. Let h € H. Now FN G =[1) implies1 = fv g forsome f € F and g € G.
Thushvf>fandfvg=1imply fV[gA(hVf)]=hVf asS isl-modular. So
hvfeFn(GVH) and hence he FNn(GV H). Therefore, FN(GV H)=H and so
the lattice of filters of [x, 1] is O-modular.

Conversely, suppose the lattice of filters of [x, 1] is O-modular. Let a,b,c €
[x,1]suchthat c = a, av b =1.Then [a) 2 [¢) and [a) A [b) = [1). So by O-modular
property, [a) A ([b) v [c)) = [c). Thus, [a v(bA c)) =[c) and soa Vv (b Ac) = c. This
implies [x, 1] isl-modular. Therefore, by theorem 2, S is 1-modular.

Theorem 7. If a dual nearlattice S with 1 is 1-distributive and [x, 1] is dua semi
complemented for each x € S, then the interval [x, 1] isO-distributive for each x € S.
Proof: Let a,b,c € [x,1] withaAb =x=a Ac. Suppose a A (b V c¢) # x. Then there
exists p # 1 in [x, 1] such that pv(a/\(ch)) =1. Thenavp=1=(bVvc)Vp.
Thus pvbva=1=(pVvb)Vc. This implies (pvb)v(aAnc)=1 a S is 1-
distributive. Thisimplies1 =p Vv bV x = p Vv b. Again, using the 1-distributivity of S,
pV(aAnb)=1. That is, 1 =pVx =p which gives a contradiction. Therefore, a A
(b Vv c) = x. Hence, [x, 1] is O-distributive.

Theorem 8. Let S be a 1-modular dual nearlattice and I,] are two ideals such that

Iv]=(1]andIn] = (x] for somex € S. Then both I and J are principal ideals.

Proof: Suppose Iv] = (1] and InJ = (x] for some x € S. Then 1 =iV j for some

ielandjej.Letb=xviandc=xVj. Thenb el andc €]J. Weclamthat I = (b]
1

C
x

Figure 1: Pentagonal sublattice
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andJ = (c]. Indeed, if for instance, | # (c], thenthereexistsa € J such that a > c. Then
{x,c,a,b, 1} is a pentagonal sublattice of S. Thisimplies S is not 1-modular and which
gives a contradiction.

Therefore, J = (c]. Similarly, I = (b]. Hence both I and J are principal idedls.

A dual nearlattice S with 1iscalled adual semi Boolean lattice if it is distributive and the
interval [x, 1] for each x € S is complemented.

Theorem 9. If a section complemented 1-modular dud nearlattice S isl-distributive, then
itisdua semi Boolean.

Proof: Let b < a for somea,b € S.Then b < a < 1. Since [b, 1] is complemented so
there exists c € [b, 1] such that c Aa = b andc vV a = 1. Now, if b v ¢ = 1, then by the
1-modularity of S, b = bV (c Aa) = a, which is a contradiction. Therefore, b v ¢ # 1.
Thisimplies S isweakly complemented. Also since S is 1-distributive, so by Corollary 3,
[x,1] isBoolean for each x € S and so S is dual semi Boolean.

Lemma 10. In a bounded dual semi complemented lattice L, every join prime element is
an atom.

Proof: Suppose a isajoin prime element. Let 0 < b <a.Then0< b < 1. Sincel is
dua semi complemented, there existsc € L(c # 1) suchthat bvc = 1. Sinceb < a, 0
cvVa=1 Sncea isjoin prime element so thisimpliesc>a or b >a. Butc>a
impliesc = ¢ va =1, which is a contradiction. Hence b = a and so a = b. Therefore,
a isan atom.

Lemma 11. Let L be a bounded 1-modular lattice. If b € L isanatomandaVv b = 1 for
somea # 0(a € L), then a isadual atom.

Proof: Suppose a <c <1 for some ce L. Since c=>a and avb =1, so by 1-
modularity, a VvV (b Ac) = c. Alsosincec < 1, itfollowsthatb >bAcandsobAc =0
as b isan atom. Consequently, a=aVv 0 =aV (b Ac) = c by 1-modularity. Thus a is
adua atom.

Lemma 12. Let S be a 1-modular dual nearlattice and [x, 1] is dual semi complemented
foreachx € S. If for each x € S, 1isthejoin of afinite number of join prime elementsin
[x,1]. Then x is the meet of finite number of dual atomsin [x, 1].

Proof: Let 1 =Vi-, p;, wherep;’s arejoin prime elementsin [x, 1]. By Lemma 10, each
p; isanaomin [x,1]. Since eachp; # 1 and [x, 1] isdua semi complemented, so there
exists q; € [x,1] such that p; vq; =1, i = 1,2,---,n. Also by Lemma 11, each q; isa
dua atomin [x, 1]. Letc =Al-; q;. Then ¢ A p; = x asp; isan atom for each i. As[x, 1]
is dua semi complemented and 1 is the join of finite number of join primes, hence [x, 1]
is 1-distributive and so by Theorem 5, [x, 1] is O-distributive.Therefore, ¢ A (Vi=; p;) =
x.Thatis,c =cA1l=x.Thusx =A]-, g;.

We conclude this paper with the following Theorem which trivialy follows from [2].

Theorem 13. For adua nearlattice S with 1, S is dual semi Boolean if and only if the
following conditions are satisfied.

) [x, 1] isdual semi complemented for each x € S

(i) S is 1-modular
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(iii) listhejoin of afinite number of join primes

3. Conclusion

In this paper, we study the concept of 1-modular dual nearlattice. We aso include severa
characterizations of 1-modular dual nearlattices and prove some results on 1-modular
dual nearlattices. Here we provethat, a dual nearlattice S with 1, is 1-modular if and only
if the lattice of filters of theinterval [x, 1] for each x € S is O-modular.
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