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Abstract. In this paper we study numerical methods for secorgkr hybrid fuzzy
fractional differential equations. We solve thebhg fuzzy fractional differential
equations with a fuzzy initial condition by usingriational iteration method. We
consider a second order differential equation Vvitlstional values and we compared the
results with their exact solutions in order to destoate the validity and applicability of
the method. We further give the definition of thedbee of Sub element hood of hybrid
fuzzy fractional differential equations with examepl
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1. Introduction

With the rapid development of linear and nonlinggience, many different methods such
as the variational iteration method (VIM) [1] wepeoposed to solve fuzzy differential
equations. Fuzzy initial value problems for frantb differential equations have been
considered by some authors recently [2,3]. As aroflevelopment, hybrid systems are
dynamical systems that progress continuously ie thut have formatting changes called
modes at a sequence of discrete times. Some rpapats about hybrid systems include
[4,7]. When the continuous time dynamics of a hybsystem comes from fuzzy
fractional differential equations the system idezhla hybrid fuzzy fractional differential
system or a hybrid fuzzy fractional differentiauadgjon.

This paper is organized as follows. In Section & provide some background on
fuzzy fractional differential equations and hybfitzzy fractional differential equations.
In Section 3 we discuss the numerical solution @ddd order hybrid fuzzy fractional
differential equations by Runge Kutt4 6rder Fehlberg method. The method given uses
piecewise application of a numerical method fozfufractional differential equations. In
Section 4, as an example, we numerically solveDkgree of Sub element hood of
hybrid fuzzy fractional differential equations. Tlbjective of the present paper is to
extend the application of the variational iteratiorethod, to provide approximate
solutions for fuzzy initial value problems of diféstial equations of fractional order, and
to make comparison with that obtained by an exazzyf solution.
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2. Hybrid fuzzy fractional differential equations

2.1 Preliminaries

In this section the most basic notations used britlyfuzzy fractional differential
equations are introduced.

Let us consider the following fractional differential equation:

DEX(E) = T (1, X(), A (X)), tO0t b (1)
x(t) = x,
where, 0 t, < &, < <, =
fEC[RT XEXE,E], A, €C[EE]
We can also represent a fuzzy numbe&sk by a pair of functions
DI x () = D [x(t:7), %(£;7)]
= [DZx(1),.DIX(®) ]
Using a representation of fuzzy numbers we mayesapnt x= E by a pair of functions
(x(r),%(r)),0 < r < 1, such that:
1. x(r) is bounded, left continuous and non decreasing,
2.&(r) is bounded, left continuous and non increasing and
Bx(r)=x(r),0=r=1

Therefore, we may replace (1) by an equivalenesystquation (2):

DI X(t) = ft.xA(x)=F (tyl(y;()’l((tk) =X
DIX(M) = F (XA (%) =G, (6, %), X(t,) = X, )

This possesses a unique solufigyx), which is a fuzzy function. That is for eachhigt
pair [x(#;v),x(t;7)] is a fuzzy number, where(t;r),x(t; r) are respectively the
solutions of the parametric form given by Equaiigh

DFX(t) = F (tX(6: 1), X(E: 1)), X(t ;1) = %, (1)

DZX() =G, (t, x(t;r), x(t;1)), X(t, ;1) = X, (r) 3)
for r €0, 1]

3. Thesixth order Runge Kutta Fehlberg method with har monic mean
For a second order hybrid fuzzy fractional différ@nequation we develop the sixth
order Runge Kutta Fehlberg method with harmonicrmehen f andy in (1) can be
obtained via the Zadeh extension principle from:

f E[R" XR XR, Rl and\y € C [R,R]
The Sixth Order Runge Kutta Fehlberg method foigiven by:

(Vi (1), Y (1) = (X, (6 1), % (61)), (Y, (G, Vi (GT))
where
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h f (e, U, A (Uy))
Ky (s Yien (1); Zen (1) = Min\NU Oy, (1), Yo (DL LZea (1), Zon (D]}
U DY, (0, Yien (D] [2n (1), Zea (1]}
h f(t, ..U, A (Uy))
1y (s Yiew ()i Zn (1) =MInN\UO{L Y, (1), Vi (D][Za (1), Zkn (D} 1,
U LY, (0, Yien (NDL1Za (1), Zen (0]}
h f(t, . u, A (uy))
K (ns Yiea (1 2 (1) = max VU Ty, (1), Yiea (D112 (1), Zen (D]} 1,
U LY, (1, Yien (D112 (1), Zen (D]}
h f(t, ..U, A (uy))
1y (t s Yien (1) Zen () =M\ ULy, (1), Y (N1 L2 (1), Zen (D]} |,
U DHLY, (1), Yien (DL 1Za (1), Zea (D]}

F (G 5 (R AU))

—

Ky (t 3 Yin (1); Zcn (1)) = min um{gki(tk,mym)}
B | ’ 5ki(tk,myk,n)

U Oy, (1), Yieo (1]

Like we can arrange

1yt Yien(1): Zen (1) Ko (i Yien ()3 Zen (1) 1 (e i Yien ()3 2 (1))

K (tins Yien(): Zea (1) 13 i Yien (15 Zen (1)) K (b i Yien (15 2 (1))
ls(tins Yien (1) Zen (1) Kations Yien(1): Zea (1) s La @i Vien (i 24 (1)
Ky i Yien (0 Zen (1) L i Yien (1) Zn (1) Ks (s Yien (0): Zen (1))
ls(tns Yien () Zen (1)) Ko (i Vien (1): Zn (1)) & Tty s Yien (1) Zin (1))
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le (tk,n ’ yk,n (r)1 Zk,n (r)) = i(tk,n + 1/4* h'zk,n (r) + l_(l (tk,n ' yk,n (r)1 Zk,n (r))1Zk,n (r)
(s Yin (1) 2, (1)) * h)
akl (tk,n ’ yk,n (r)' Zk,n (r)) = ?(tk,n + 1/4* h1§lk,n (r) + El(tk,n ’ yk,n (r)' Zk,n (r)),Ek,n (r)

+liltin Yin (1), Zen () * )
Dy, (ten Yin (1), 2, (1)) = f (8, +3/8* h’Xk,n (r)+ @33 * h* (ky(ti o, Yin (1), Ze o (r) +

3* liz(tk,n ’ yk,n (r)' Zk,n (r))1Zk,n (r) + (3/33 * h* (l_l(tk,n! yk,n (r)' Zk,n (r)
+ 3* l_z(tk,n’ yk,n (r)’ Zk,n (r)))

$k2 (tk,n ’ yk,n (r)’ Zk,n (r)) = T(tk,n + 3/8* h’glk,n (r) + (3/33 * h* (El(tk,n’ yk,n (r)7 Zk,n (r) +
3* Kot ns Yien (1), Zen (1), Zka (1) + (3132 * * (1(ty o, Yien (1), Z o (1)
+3* Lo (ty s Yien (1), 2o (1))

Dy (e Yin (1), 2 (M) = F(t, . + A2/13 * hyy, (r) + (1L2/2197 * h*

(161 K, (te s Yien (1), 20 (1) =600% Ky (ty s Yien (1), 24 (1) + 608K (s Yien (1), Zin (1)),
Z,,(r)+ 12/21979 * h* (161* I_l(tk,n! yk,n(r)! Zk,n(r) —-600* |, (tk,n! Yk (r), Z n (r)
+6085(t, s Yin (1), 24 (1)))

P, (s Yien (1), Zen (1) = F(t, + @2/13 * hy, (1) + 2/2197 * h*

(161* Ku(ty 1, Yion (1), Z o (1) = 600% Kz (b, 1, Vi (1), 20 (1)

+60&Ks(ty 1, Vi (1), Zin (1),

Zin(r) + 12/ 2197 * h* (L62* 11(t, ., Vi (1), Zc o (1)

~600* 12(t, . Vien (), Z4 0 (1) + 6083 (ty ., Vi (1), Z 1 (1))

Dy, (e Yin (1), 20 (1) = T8, + h’Xk'n(r)

+ (1/4104 *h* (8341* Kl(tk,n ) yk,n(r)! Zk,n (I’) —-32832 Kz(tk,n ) yk,n (I’), Zk,n(r)
+29440° K, (tk,n ' Yin (r), Zen (r) -845%k, (tk,n + Yin (r), Zen (r),

Z, (1) + (174109 * h* (834L |, (t, 1, Vi (1), 2 (1)

=32832,(ty 1y Yien (1), Z 0 (r) +

29440 | 5 (t, s Yien (), 2, (r) =845% |, (t, 1, Vi (), Z 1 (1))
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P (s Vien (1) Zen (M) = F(tn +h Y4 (1)

+ (1/ 4104 * h* (8341* Ku(ty 1, Yien (), Zc o (1)

=32832 K2ty 1 Vien (1)s Zin (1) + 29440 Ka (8, o, Vi (1), Ze o (1)

—845* Ka(ty 1, Yien (1), Ze (), Zkn (1)

+ (1/ 4104 * h* (8342 [1(ty 1, Vien (1) Zen (1) = 32832 [2(ty 1, Vien (), Z o (1)
+ 29440 13(t, 1, Vien (1), Ze o (1) =845* La(ty 1, Vien (1), 2 (1))

Py, (s Yien (1), 2en (1) = f (b, + 05Ny, (1)

+ h* (_ (8/2D * Kl (tk,n ’ yk,n (r)! Zk,n (r)
+ 2* Kz (tk,n ! yk,n (r)! Zk,n (r) - (3544/ 2565 * KS(tk,n! yk,n (r)! Zk,n (r)

+ (1859/4104 * K4 (tk,n ’ yk,n (r)! Zk,n (r) - (11/4q * KS (tk,n! yk,n (r)! Zk,n (r))!Zk,n (r)

+ h* (_ (8/2D * _1(tk,n! yk,n (r)! Zk,n (r) + 2* |_2 (tk,n! yk,n (r)! Zk,n (r)
- (3544/ 2565 * |_3(tk,n’ yk,n (r)’ Zk,n (r) + (1859/ 4104 * |_4 (tk,n ’ yk,n (r)’ Zk,n (r)

~ Q1740 *15(ty oy Yien (1) 2 (1))

i, (ty s Yien (1, Zn (1) = F (&, + (O5)h, y, (1)

+h* (= 8127 * Ka(ty s Yien (1), Za (1)

+2% Kz (s Vi (1), 240 (1) = (3544/ 2565 * K (t, s Vi (1), Z4 (1)

+ (18594109 * Ka(ty 1, Yien (1), 2, (1) = L1740 *Ks(ty 1, Yy (), 2, (1)),
Zkan (1) + 0% (= @127 * 11t Vien (1) Zin (1) + 2% Lo (b s Yien (1), Zn (1) =
(354412569 *13(t, ., Yy n (1), Z o (F) + (1859 4109 * 14 (t, ,, Yy o (), Z o (F) —
(L1740 *Is(ty 1, Yien (), Zen (1))

Next we define:

Sltn, Yy o (M) Yien () Zn (1), Zea ()] =

2{(16/27>51<tk,n: Ven (1), Zen () + (6656 2569K, (t, : Yo (1), Ze (1))
+(2856¥11286K, (t, ; Yin(r), 2, (r)) = O/L0K,(t, ,; Yin (1), 2, (1)
+ (12/1:DK6 (tk,n; yk,n (r)! Zk,n (r))}
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Teltn, ¥y (s Yien () Zea (), Zea (1] =
0672700813 Vi (1,20 (1) + (8656 256K 1Y (1) 24 (1)

+(2856111286Ka (ty ; Vi (1), Z4n (1)) = O/LOKs (ty 1 Yien (1), Zin (1)

+ Q209K (b Yien (1), Zin (M)
The exact solution &, ., is given by:

Fena (1) = Y4 (1) *+ Silten, Y, (0, Yien (1), Zen (1), Zean (0],

_ _ _ 5)
Gk,n+1(r) = Yk!“(r) +Tk[tk,n,Xkyn(r)’ yk,n(r)’Zk,n(r)’ Zkn (r)]

3.1. Degree of sub element hood

Let X be a Universal, U be a set of parametersleind-, ,,) and G, ,,,) are two fuzzy
elements of X. Then the degree of sub element deadted by

&(F, 110 Gy i) is defined as,

S(Fni Gnu) = | - Fl }| {| ( F.ra—lj| — X max{0, ( Fn-l) - (G.-;-_n-l )}}
LT |

Where ‘E_H‘ = T, caexp(F,.)  and
8(Gy s, Fon) ﬁ {|(Gern)| = Emax(o,(G) — (Fn}):
(Sl T |

4. Numerical example
In this section, we present the example for solViyigrid fuzzy fractional differential

equations.

Consider the following second order hybrid fuzactional differential equation:
.D? X(t)=Z and D’ Z (t) = XZ%-Y? (6)
X (0) =%,
where B0(0,1] and t > 0 and s any triangular fuzzy number.

This problem is a generalization of the followingbhid fuzzy fractional differential
equation:
. Df X () =z@t) =[z(t; 7). 2(t;7)] &
DE2(t) = [x(t: 7). X (8 7) ] * [2(6: 7). Z(6:m))* [y (6 7). F(&: )T )
X (t) =%,
wheref3[J(0,1], t> 0, a is the step size and, ks a real number.

We can find the solution of the hybrid fractionaizty differential equation, by the
method of Runge Kutta™order & Fehlberg 6 order Methods. We compared and
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generalized the error of the hybrid fractional fuzdifferential equation, also we

illustrated the figure and in the table for thimgglization by using Matlab.

S |1 |RK 6" RK 6" order
No order (W) | (2)
S. |1 |RK 6" RK 6" order 6 | 0.5|1.55270406 | 0.069581679
No order (W) | (2) 7 | 0.6 1.54940226 | -0.14644294
1/0 |0 13 8 | 0.7]1.52703428 | -0.35553489
2 0.1 | 1.38252921 | 0.843479358 9 0.8 | 1.48672389 | -0.54612954
3 [0.2]1.45043447 | 0.672041993 10 | 0.9 1.43060781 | -0.70745571
4 0.3 | 1.50232107 | 0.484592947 11 | 1.0] 1.36166109 | -0.8318705
5 0.4 | 1.53679615 | 0.2823831
Table 1. Numerical Solution of the example
S(F 1 Gna) = 1 & B(Gy 1 Fin) =0.8
Figure 1. Graphical representation of the example
5. Conclusion

In this paper, we have studied a hybrid fuzzy foacl differential equation. Final
results showed that the solution of hybrid fuzzwacfional differential equations
approaches the solution of hybrid fuzzy differengguations as the fractional order
approaches the integer order. The results of timdy geveal that the proposed method
with fuzzy fractional derivatives is efficient, agate, and convenient for solving the
hybrid fuzzy fractional differential equations.
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209



M. Saradha
REFERENCES

S.Arshad and V.Lupulescu, Fractional differentigu&ion with the fuzzy initial
condition,Electron. J. Differ. Equ., 34 (2011) 1-8.

R.P.Agarwal, V.Lakshmikanthama and J.J.Nieto, Oa tbncept of solution for
fractional differential equations with uncertainNonlinear Anal., 72 (2010) 2859-
2862.

E.Khodadadi and E.Celik, The variational iteratiovethod for fuzzy fractional
differential equations with uncertaintyixed Point Theory and Applications 2013,
2013:13

K.Miller and B.Ross,An introduction to the fractional calculus and fractional
differential equations, Wiley, New York, 1993.

M.Z.Ahmad and M.K.Hasan, Numerical methods for fumztial value problems
under different types of interpretation: a compamisstudy, in Informatics
Engineering and Information Science, vol. 252 ofCommunications in Computer and
Information Science, pp. 275-288, Springer, Berlin, Germany, 2011.

S.Pederson and M.Sambandham, Numerical solutiomytrid fuzzy systems,
Mathematical and Computer Modelling, 45 (2007) 1133-1144.

S.Ruban Raj and M.Saradha, Solving hybrid fuzzgtivaal differential equation by
Runge Kutta forth order metholdternational Journal of Science and Research, 4(2)
(2015) 96-98.

S.Ruban Raj and M.Saradha, Solving second orderichyfluzzy fractional
differential equation by Runge Kutta forth orderthual, International Journal of
Science and Research, 4(1) (2015) 2148-2153.

S.Ruban Raj and M.Saradha, Solving second orderichyfluzzy fractional
differential equation by Adam-Bashforth methdgplied Mathematical Sciences, 9
(2015) 1429-1432.

210



