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Abstract. Let ),( EVG be a graph with p  vertices and q  edges. A ),( qp  graph 

),( EVG  is said to be an adjacent edge graceful graph if there exists a bijection  

},.....,3,2,1{)(: qGEf →  such that the induced mapping  *f   from  )(GV  by  

)()(* ∑=
i

iefuf over all edges ie  incident to adjacent vertices of u  is an injection. 

The function  f  is called  an adjacent edge graceful labeling of  G .In this paper, we prove 

the graphs )5,5( ≥≥∪ nmCC nm , )5,5( ≥≥∪ nmCP nm , 
)2(

nC , 3mK  and sunflower 

graph  )(nSF ( n is odd ) are the adjacent edge graceful graphs and we also prove  

graphs  
2

,nnB  , 12 mKK +   and  2mK  are not the adjacent edge graceful graphs.          
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AMS Mathematical Subject Classification (2010): 05C78 
 
1. Introduction 
Throughout this paper, by a graph we mean a finite, undirected, simple graph. The vertex 
set and the edge set of a graph G  are denoted by )(GV and )(GE  respectively. Let 

),( qpG  be a graph with |)(| GVp =  vertices and |)(| GEq =  edges. Graph labeling, 
where the vertices and edges are assigned real values or subsets of a set are subject to 
certain conditions.  A detailed survey of graph labeling can be found in [2].Terms not 
defined here are used in the sense of  Harary in [5].The concept of adjacent edge graceful 
labeling was first introduced in [18].Some results on adjacent edge  graceful labeling of 
graphs  and some non- adjacent edge  graceful graphs  are discussed in [18]. 
          In this paper, we  discussed  about adjacent edge  graceful labeling for a few more 
graphs.We use the following definitions in the subsequent sections. 
 
Definition 1.1. [18] A ),( qp  graph ),( EVG  is said to be an adjacent edge graceful 

graph if there exists a bijection  },.....,3,2,1{)(: qGEf →  such that the induced  
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mapping  *f   from  )(GV  by  )()(* ∑=
i

iefuf over all edges ie  incident to 

adjacent vertices of u  is an injection. The function  f  is called  an adjacent edge graceful 
labeling of  G. 
 
Definition 1.2. [2] The bistar graph nnB ,  is the graph obtained from two copies of star 

nK ,1  by joining the vertices of maximum degree by an edge. 

Definition 1.3. [2] A sunflower graph SF(n) as the graph obtained by starting with an n-
cycle with consecutive vertices nvvv ,.....,, 21  and creating new vertices nwww ,.....,, 21  

with iw  connected to iv  and 1+iv  )( 11 visvn+ . 

Definition 1.4. [15] For a simple connected graph G  the square of graph G is denoted 

by 2G and defined as the graph with the same vertex set as of G  and two vertices are 

adjacent in 2G  if they are at a distance 1 or 2 apart in G .   
 
2. Main results 
Theorem 2.1. The graph  )5,5( ≥≥∪ nmCC nm  is an adjacent edge graceful graph.  

Proof:  Let  121 ....... uuuuC mm =    and 121 ....... vvvvC nn =   be two cycles. 

Let  




=−≤≤=
=−≤≤=

=∪
+++

+

nnmiiim

mmiii
nm vvenivve

uuemiuue
CCE

11

11

;11:

;11:
)(  

Define },.....,3,2,1{)(: nmCCEf nm +→∪   by  

Case (i)  (m and  n are both  odd )   

nmiifief i +≤≤= 1)( . Let *f  be the induced vertex labeling of f . In this case 

the induced  vertex   labels are as follows: 22)(* 1 += muf  ; 6)(* 2 += muf ; 

3164)(* 2 −≤≤+=+ miifiuf i ; 23)(* −= muf m  ; 224)(* 1 ++= nmvf  ; 

64)(* 2 ++= nmvf ; 234)(* −+= nmvf n ; 

31644)(* 2 −≤≤++=+ niifimvf i . 

Case (ii)  (m is odd and  n is even ) 

miifief i ≤≤= 1)(  ; 
2

112)(
n

iifimef im ≤≤−+=+ ; 

2
122)(

2

22

n
iifinmef inm ≤≤−++=++ . 

In this case the induced  vertex   labels are as follows: 
22)(* 1 += muf ; 6)(* 2 += muf ; 23)(* −= muf m ; 

3164)(* 2 −≤≤+=+ miifiuf i ; 

If  6=n ,  44)(* 1 ++= nmvf ; 54)(* 2 ++= nmvf ;  

324)(* 3 ++= nmvf ; nmvf 34)(* 4 += ;  
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524)(* 5 ++= nmvf ;  124)(* 6 ++= nmvf ; 

If  8≥n  , 104)(* 1 += mvf  ; 114)(* 2 += mvf  ; 134)(* += mvf n ; 

2

6
1)1(84)(* 2

−≤≤++=+
n

iifimvf i ; 944)(*
2

−+= nmvf n ; 

644)(*
2

2 −+=+ nmvf n  ; 744)(*
2

4 −+=+ nmvf n ;  

2

6
1)32(44)(*

−≤≤++=−
n

iifimvf in . 

Case (iii)  (m is even and n is odd ) 

2
112)(

m
iifief i ≤≤−= ; 

2
122)(

2

2

m
iifimef im ≤≤−+=+ ; 

niifimef im ≤≤+=+ 1)( . 

In this case the induced vertex labels are as follows: 
If  6=m  , 22)(* 1 −= muf ; 12)(* 2 −= muf ; 33)(* 3 −= muf ; 

muf 3)(* 4 = ; 13)(* 5 −= muf ; 12)(* 6 += muf ; 

If  8≥m , 10)(* 1 =uf ;  11)(* 2 =uf ; 
2

6
1)1(8)(* 2

−≤≤+=+
m

iifiuf i ; 

13)(* =muf ; 94)(*
2

−= muf m ; 64)(*
2

2 −=+ muf m ; 74)(*
2

4 −=+ muf m ; 

2

6
1)32(4)(*

−≤≤+=−
m

iifiuf im ; 224)(* 1 ++= nmvf ; 

64)(* 2 ++= nmvf ; 234)(* −+= nmvf n ; 

31644)(* 2 −≤≤++=+ niifimvf i . 

Case (iv)  (m and n are both even) 

2
112)(

m
iifief i ≤≤−= ; 

2
122)(

2

2

m
iifimef im ≤≤−+=+  

2
112)(

n
iifimef im ≤≤−+=+   ;  

2
122)(

2

22

n
iifinmef inm ≤≤−++=++ . 

In this case the induced  vertex   labels are as follows: 
If  6=m  and 6=n , 22)(* 1 −= muf ; 12)(* 2 −= muf ; 33)(* 3 −= muf ; 

muf 3)(* 4 =  ; 13)(* 5 −= muf ; 12)(* 6 += muf ; 45)(* 1 += nvf ; 

55)(* 2 += nvf ; 36)(* 3 += nvf ; nvf 7)(* 4 =  ; 17)(* 5 += nvf ; 

16)(* 6 += nvf . 

If  6=m  and 8≥n , 22)(* 1 −= muf  ; 12)(* 2 −= muf ; 

33)(* 3 −= muf ; muf 3)(* 4 =  ; 13)(* 5 −= muf ; 
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12)(* 6 += muf ; 104)(* 1 += mvf  ; 114)(* 2 += mvf ; 

134)(* += mvf n ;
2

6
1)1(84)(* 2

−≤≤++=+
n

iifimvf i ;

944)(*
2

−+= nmvf n  644)(*
2

2 −+=+ nmvf n  ; 744)(*
2

4 −+=+ nmvf n ; 

 
2

6
1)32(44)(*

−≤≤++=−
n

iifimvf in . 

If  8≥m  and  8≥n , 10)(* 1 =uf  ;  11)(* 2 =uf  ; 

2

6
1)1(8)(* 2

−≤≤+=+
m

iifiuf i ; 13)(* =muf  ; 94)(*
2

−= muf m  ; 

64)(*
2

2 −=+ muf m  ; 74)(*
2

4 −=+ muf m  ;
2

6
1)32(4)(*

−≤≤+=−
m

iifiuf im  ; 

104)(* 1 += mvf  ; 114)(* 2 += mvf  ; 134)(* += mvf n  ; 

2

6
1884)(* 2

−≤≤++=+
n

iifimvf i  ; 

2

6
18124)(*

−≤≤++=−
n

iifimvf in  ; 944)(*
2

−+= nmvf n ; 

644)(*
2

2 −+=+ nmvf n  ; 744)(*
2

4 −+=+ nmvf n . 

If  8≥m  and  6=n , 10)(* 1 =uf  ;  11)(* 2 =uf  ; 

2

6
1)1(8)(* 2

−≤≤+=+
m

iifiuf i ; 13)(* =muf  ; 94)(*
2

−= muf m  ; 

64)(*
2

2 −=+ muf m  ; 74)(*
2

4 −=+ muf m  ;
2

6
1)32(4)(*

−≤≤+=−
m

iifiuf im  ;  

44)(* 1 ++= nmvf  ; 54)(* 2 ++= nmvf ; 324)(* 3 ++= nmvf ;  

 nmvf 34)(* 4 +=  ; 524)(* 5 ++= nmvf  ; 124)(* 6 ++= nmvf . 

 
Example 2.2. An  adjacent edge graceful labeling of  1012 CC ∪   is shown in the Fig.1.   

 
 
 
 
 
 
 
 
 
 Figure 1: 
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Theorem 2.3. The graph  )5,5( ≥≥∪ nmCP nm  is an adjacent edge graceful graph. 

Proof: Let  mm uuuP .......21=    be a path and  121 ....... vvvvC nn =  be a cycle . 

Let  




=−≤≤=
−≤≤=

=∪
−+++−

+

nnmiiim

iii
nm vvenivve

miuue
CPE

1111

1

;11:

;11:
)(  

Define }1,.....,3,2,1{)(: −+→∪ nmCPEf nm   by  

Case (i)  (m and  n are both  odd )   

11)( −+≤≤= nmiifief i . 
In this case the induced  vertex   labels are as follows: 

3)(* 1 =uf  ; 6)(* 2 =uf  ; 4164)(* 2 −≤≤+=+ miifiuf i ; 63)(* 1 −=− muf m ; 

32)(* −= muf m  ; 224)(* 1 −+= nmvf  ; 24)(* 2 ++= nmvf  ; 

334)(* −+= nmvf n  ; 31244)(* 2 −≤≤++=+ niifimvf i  . 

Case (ii)  (m is odd  and  n is even ) 

11)( −≤≤= miifief i  ;  
2

122)( 1

n
iifimef im ≤≤−+=+−  ; 

2
121)(

2

222

n
iifinmef inm ≤≤−++=+−+  . 

In this case the induced  vertex   labels are as follows: 
3)(* 1 =uf  ; 6)(* 2 =uf  ; 63)(* 1 −=− muf m  ; 

4164)(* 2 −≤≤+=+ miifiuf i  ; 32)(* −= muf m . 

If  6=n  ,  nmvf += 4)(* 1  ; 14)(* 2 ++= nmvf ; 54)(* 3 ++= nmvf ; 

224)(* 4 ++= nmvf  ; 124)(* 5 ++= nmvf  ;  34)(* 6 ++= nmvf . 

If  8≥n  ,  64)(* 1 += mvf  ; 74)(* 2 += mvf ;  

 
2

6
1844)(* 2

−≤≤++=+
n

iifimvf i  ; 1344)(*
2

−+= nmvf n ; 

 1044)(*
2

2 −+=+ nmvf n  ; 1144)(*
2

4 −+=+ nmvf n ; 

2

6
18844)(*

2

24

−≤≤−−+=++
n

iifinmvf in  ; 94)(* += mvf n  . 

Case (iii)  (m is even and n is odd ) 

2
112)(

m
iifief i ≤≤−=   ; 

2

2
12)(

2

2

−≤≤−=+
m

iifimef im  ; 

niifimef im ≤≤+−=+− 11)( 1 . 

In this case the induced  vertex   labels are as follows: 
If  6=m  , 2)(* 1 −= muf  ; 3)(* 2 += muf ; 12)(* 3 += muf ; 

muf 2)(* 4 =  ; 52)(* 5 −= muf ; 6)(* 6 =uf . 



Some Adjacent Edge Graceful Graphs 

165 
 

If  8=m  , 4)(* 1 −= muf  ; 1)(* 2 += muf ; muf 2)(* 3 = ; 52)(* 4 += muf  ;  

muf 3)(* 5 = ; 32)(* 6 += muf ; 22)(* 7 += muf 2)(* 8 −= muf . 

If  10≥m , 4)(* 1 =uf  ;  9)(* 2 =uf  ; 
2

6
188)(* 2

−≤≤+=+
m

iifiuf i ; 

 114)(*
2

−= muf m  ; 104)(*
2

2 −=+ muf m  ; 134)(*
2

4 −=+ muf m  ; 

2

8
18124)(*

2

24

−≤≤−−=++
m

iifimuf im ; 12)(* 1 =−muf  ; 6)(* =muf  

224)(* 1 −+= nmvf  ; 24)(* 2 ++= nmvf  ; 634)(* −+= nmvf n  ; 

31244)(* 2 −≤≤++=+ niifimvf i  . 

Case (iv)  (m and n are both even ) 

2
112)(

m
iifief i ≤≤−=   ; 

2

2
12)(

2

2

−≤≤−=+
m

iifimef im  ; 

2
122)( 1

n
iifimef im ≤≤−+=+−  ; 

2
121)(

2

222

n
iifinmef inm ≤≤−++=+−+ . 

In this case the induced  vertex   labels are as follows: 
If  6=m  , 2)(* 1 −= muf  ; 3)(* 2 += muf ; 12)(* 3 += muf ; 

muf 2)(* 4 =  ; 52)(* 5 −= muf ; 6)(* 6 =uf . 

If  8=m  , 4)(* 1 −= muf  ; 1)(* 2 += muf ; muf 2)(* 3 = ; 52)(* 4 += muf  ;  

muf 3)(* 5 = ; 32)(* 6 += muf ; 22)(* 7 += muf 2)(* 8 −= muf . 

If  10≥m , 4)(* 1 =uf  ;  9)(* 2 =uf  ; 
2

6
188)(* 2

−≤≤+=+
m

iifiuf i ; 

 114)(*
2

−= muf m  ; 104)(*
2

2 −=+ muf m  ; 134)(*
2

4 −=+ muf m  ; 

2

8
18124)(*

2

24

−≤≤−−=++
m

iifimuf im ; 12)(* 1 =−muf  ; 6)(* =muf  

If  6=n  ,  nmvf += 4)(* 1  ; 14)(* 2 ++= nmvf ; 54)(* 3 ++= nmvf ; 

224)(* 4 ++= nmvf  ; 124)(* 5 ++= nmvf  ;  34)(* 6 ++= nmvf . 

If  8≥n  ,  64)(* 1 += mvf  ; 74)(* 2 += mvf ;  

 
2

6
1844)(* 2

−≤≤++=+
n

iifimvf i  ; 1344)(*
2

−+= nmvf n ; 

 1044)(*
2

2 −+=+ nmvf n  ; 1144)(*
2

4 −+=+ nmvf n ; 

2

6
18844)(*

2

24

−≤≤−−+=++
n

iifinmvf in  ; 94)(* += mvf n . 
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Example 2.4. An adjacent edge graceful labeling of  79 PC ∪   is shown in the Fig. 

2. 
 
 
 

                               
 
 
 
 
 
 
 
 

 
Figure 2: 

 

Theorem 2.5. The graph 
)2(

nC   is  an adjacent edge graceful graph. 

Proof:  Let ' w  ' be the central vertex of  
)2(

nC .Let }1:{ niui ≤≤ be the vertices of 

first cycle of 
)2(

nC . Let }1:{ nivi ≤≤  be the vertices of second cycle of 
)2(

nC . 

Let 




=−≤≤=
=−≤≤=

=
++

+

nniiin

nniii
n vvenivve

uueniuue
CE

121

11)2(

,11:

,11:
)(  

Take 11 vuw ==  .Define  }2,......,3,2,1{)(: )2( nCEf n →   by  

niifief i ≤≤= 1)( .  Let *f  be the induced vertex labeling of f .  

The induced  vertex   labels are as follows: 48)(* 1 += nuf  ; 74)(* 2 += nuf ; 

16)(* −= nuf n ; 3164)(* 2 −≤≤+=+ niifiuf i ; 76)(* 2 += nvf ; 

18)(* −= nvf n  ; 31644)(* 2 −≤≤++=+ niifinvf i . 

Theorem 2.6. The graph 12 mKK +   is not  an adjacent edge graceful graph. 

Proof:     Let  12 mKKG += . Let  { }1:,,)( miwvuGV i ≤≤= . 

Let { };1:,)( 12 uvemivweuweGE miimii =≤≤=== ++ . 

Let  f   be a  bijection    from  )(GE  to }12,.......,3,2,1{ +m . 

Let αβββααα ,,....,,,,....,, 2121 mm  be the label of  edges 12121 ,....,,,....,, ++ mmm eeeee  

respectively by  f . And   f  induces that   ,......}3,2,1{)(:* →GVf   by  

)()(* ∑=
i

iefuf over all edges ie  incident to adjacent vertices of u . Then 

)()()()()(* 12

2

1
12

1
+

+=
+

=

+++= ∑∑ m

m

mi
im

m

i
ii efefefefwf = ααβα +++∑∑

==

m

i
i

m

i
i

11
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= α++++++ )12(.........321 m = α+++ )12)(1( mm   for mi ≤≤1 . That is every  

vertex iw  have same vertex labels by f *. Hence f *  is not injective.Therefore the 

graph 12 mKK +   is not  an adjacent edge graceful graph. 

Theorem 2.7. The graph 2mK   is  not  an adjacent edge graceful graph. 

Proof:  Let the vertex set of  2mK  be  mVVVV ∪∪∪= ........21   where 

},{ 21
iii vvV = .Let   }1:{)( 21

2 mivvemKE iii ≤≤== . Let  f   be a  bijection    

from  )( 2mKE  to },.......,3,2,1{ m . And  f  induces  that  

,....}3,2,1{)(:* 2 →mKVf  by )()(* ∑=
i

iefuf  over all edges ie  incident to 

adjacent vertices of u .The vertices 1
iv  and 2

iv  are incident with same and only 

one edge  ie .Then  )()(*)(* 21
iii efvfvf == .That is each vertex pairs ),( 21

ii vv  

have same vertex labels by f *. Hence f *  is not injective. 

Therefore the graph 2mK   is not  an adjacent edge graceful graph. 

Theorem  2.8. The graph 3mK   is   an adjacent edge graceful graph. 

Proof:  Let the vertex set of  3mK  be  mVVVV ∪∪∪= .....21   where 

},,{ 321
iiii vvvV = . 

Let }1:,,{)( 31
2

3221
3 mivvevvevvemKE iiimiiimiii ≤≤==== ++ . 

Define }3,......,3,2,1{)(: 3 mmKEf →   by  miifief i ≤≤−= 123)(  ; 

miifief im ≤≤−=+ 113)(  ; miifief im ≤≤=+ 13)( 2 .  

 Let *f  be the induced vertex labeling of f . 

The induced  vertex   labels are as follows: miifivf i ≤≤−= 1412)(* 1
 ;  

miifivf i ≤≤−= 1312)(* 2
; miifivf i ≤≤−= 1512)(* 3

. 

Example 2.9. An adjacent edge graceful labeling of  35K   is shown in the Fig. 3.   
 
 
 
 
 
 
 
 
 
 
 
 
                                                               Figure 3: 
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Theorem 2.10. The graph 
2

.nnB   is  not  an adjacent edge graceful graph. 

Proof:    Let  }11:,{)( 2
. +≤≤= nivuBV iinn . 

Let   




=≤≤==
≤≤==

=
+++++++

+++

11141312

112
. ;1:,

1:,
)(

nnnniinniin

niinnii
nn vueniuvevue

nivveuue
BE  

Let  f   be a  bijection    from  )( 2
,nnBE  to }14,.......,3,2,1{ +n .  

Let αααααααααα ,,...,,,....,,,....,,,....,, 4133122121 nnnnnnn +++   be the label of  edges of 

14133122121 ,...,,,....,,,....,,,....,, ++++ nnnnnnn eeeeeeeee   respectively by  f .  And   f  

induces that   ,....}3,2,1{)(:* 2
, →nnBVf   by  )()(* ∑=

i
iefuf over all edges ie  

incident to adjacent vertices of u . Then )(2)()(* 14

4

1
+

=

+=∑ n

n

i
ii efefuf = 

α++++++ )12(.........321 n  = α+++ )14)(12( nn   for  .1 ni ≤≤ That is every 

vertex iu  have same vertex labels by f *. Hence f *  is not injective. Therefore the 

graph 
2

.nnB   is not  an adjacent edge graceful graph. 

Theorem 2.11. The sunflower graph  )()( oddisnnSF   is   an adjacent edge graceful 
graph. 
Proof: Let  { }1:,))(( niwvnSFV ii ≤≤= . Take  11 vvn =+ . 

Let { }1:,,))(( 121 niwvewvevvenSFE iiiniiiniii ≤≤==== ++++ . 

Define }3,......,3,2,1{))((: nnSFEf →   by  ;31)( niifief i ≤≤=  

Let *f  be the induced vertex labeling of f . The induced  vertex   labels are as follows: 

618)(* 1 += nvf  ; 1814)(* 2 += nvf  ; 622)(* −= nvf n  ; 

31121812)(* 2 −≤≤++=+ niifinvf i  ; 88)(* 1 += nwf ;   

nwf n 12)(* =  ; 21886)(* 1 −≤≤++=+ niifinwf i . 

Example 2.12. An  adjacent edge graceful labeling of  )7(SF  is shown in the Fig. 4.   
 
 
 
 
 
 
 
 
 
 
                                                                 

Figure 4: 
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