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Abstract. Let G(V,E)be a graph withp vertices andq edges. A(p,q) graph
G(V,E) is said to be an adjacent edge graceful grapthefet exists a bijection
f:E(G) - {123.....,q} such that the induced mappingf * from V(G) by

f*(u)= z f(e) over all edgese, incident to adjacent vertices of is an injection.
i

The functionf is called an adjacent edge graceful labelingsain this paper, we prove
the graphsC,, 1C,(m=5n=>5), P,0C, (m25n=5), C,”,mK, and sunflower
graph SF(n) (n is odd ) are the adjacent edge graceful graphswandlso prove
graphs Bn,n2 , K, +mK; and mK, are not the adjacent edge graceful graphs.

Keywords: adjacent edge graceful gra@ijacent edge graceful labeling.
AMS Mathematical Subject Classification (2010): 05C78

1. Introduction
Throughout this paper, by a graph we mean a finiteljrected, simple graph. The vertex
set and the edge set of a gra@h are denoted by (G)andE(G) respectively. Let
G(p,q) be a graph withp =|V(G)| vertices andq =| E(G)| edges. Graph labeling,
where the vertices and edges are assigned reasvalusubsets of a set are subject to
certain conditions. A detailed survey of graphelaly can be found in [2].Terms not
defined here are used in the sense of Harary]ifnt{& concept of adjacent edge graceful
labeling was first introduced in [18].Some resultsadjacent edge graceful labeling of
graphs and some non- adjacent edge gracefulgraphdiscussed in [18].

In this paper, we discussed about adigedge graceful labeling for a few more
graphs.We use the following definitions in the sdgent sections.

Definition 1.1. [18] A (p,q) graph G(V,E) is said to be an adjacent edge graceful
graph if there exists a bijectionf : E(G) —» {123,.....,q} such that the induced
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Some Adjacent Edge Graceful Graphs
mapping f* from V(G) by f*(u) =z f(e) over all edgese incident to
i

adjacent vertices dfi is an injection. The functiori is called an adjacent edge graceful
labeling of G.

Definition 1.2. [2] The bistar grapB,  is the graph obtained from two copies of star

K., by joining the vertices of maximum degree by ageed

Definition 1.3. [2] A sunflower graph SF(n) as the graph obtained astingy with an n-
cycle with consecutive verticeg,,Vv,,.....,v, and creating new vertices,,w,,.....,w.

n

with w, connected tov, andv,,; (v, ISV;).

Definition 1.4. [15] For a simple connected grajih the square of grapks is denoted
by G2and defined as the graph with the same vertexssef & and two vertices are
adjacent inG? if they are at a distance 1 or 2 aparGn

2. Main results
Theorem 2.1. The graphC 0 C_ (m=5n = 5) is an adjacent edge graceful graph.

Proof: Let C =uU,.....u U, andC_ =V,v,......v,V, be two cycles.
e =uu, :1<i<m-1;e,=uu,
VV, 1<isn-1 ;e.,=VV,

Let E(CmDCn)={ B
Define f : E(C,,UC,) - {123,.....m+n} by

Case (i) (m and n are both odd)

f(g)=i if 1<i<m+n.Let f* be the induced vertex labeling éf. In this case
the induced vertex labels are as folloWv&:(u,) =2m+2 ; f *(u,) =m+6;
f*(u,,)=4i+6 if 1<ism-3;f*(u,)=3m-2; f*(v,))=4m+2n+2;
f*(v,)=4m+n+6; f*(v,)=4m+3n-2;

f*(v,,)=4m+4i+6 if 1<i<n-3.

Case(ii) (mis odd andn is even)

fe)=i if 1<ism; f(e,,)=m+2i-1 if 1<i<;

N

o .. n
f(€ o) =M+N+2-2 if 1<i SE'
2
In this case the induced vertex labels are lémafs:

f*(u)=2m+2; f*(u,) =m+6; f*(u,)=3m-2;
f*(u,,)=4i+6 if 1<i<m-3;

If n=6, f*(v,)=4m+n+4; f*(v,) =4m+n+5;
f*(v;) =4m+2n+3; f *(v,) =4m+3n;
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f*(vg) =4m+2n+5; f*(v;)=4m+2n+1;
If n=28, f*(v))=4m+10; f*(v,) =4m+11; f*(v,) =4m+13;

_6;f*(vn):4m+4n—9;
2
f*(v,.,,)=4m+4n-6; f*(v.,,) =4m+4n-7;

2 2

f*(v.,)=4m+8(+1) if 1<i<’

f*(v_)=4m+4(i +3) if 1<i< ”;6.

Case (iii) (m is even and is odd )

y=m+2-2i if 1<i<

m+2i
2

fe)=2i-1 if 1sisg; f(e

N_I_B

f(e,;)=m+i if 1<i<n.

In this case the induced vertex labels are asvistio
If m=6,f*()=2m-2; f*(u,)=2m-1; f*(u,) =3m-3;
f*(u,)=3m; f*(u;)=3m-1; f*(u,) =2m+1,;

If m28, f*(u)=10; f*(u,)=11; f*(u.,)=8(+1) if 1<is™
f*(u)=13; f*(u )=4m-9; f*(u_,)=4m-6; f*(u_,,)=4m-7;

2 2 2

e )=4@2i+3) if 1<i<™ 8. fx(v)=am+2n+2;

f*(v,)=4m+n+6; f*(v,)=4m+3n-2;
f*(v,,)=4m+4i+6 if 1<i<n-3.
Case(iv) (m andn are both even)

f(e)=2i-1 if 1sisg; fle.,)=m+2-2i if 1<i<

N3

m+2i
2

f(e

) =mE2 -1 0 1<i<— ; f(eum) =M+N+2-2i if 1<i<

2
In this case the induced vertex labels are lémafs:

If m=6 andn=6, f*(u)=2m-2; f*(u,)=2m-1; f*(u,) =3m-3;
f*(,)=3m; f*(u)=3m-1; f*(uy) =2m+1; f *(v,) =5n+4;
f*(v,)=5n+5; f*(v;)=6n+3; f*(v,)=7n; f*(v)=7n+1;
f*(vg)=6n+1.

If m=6andn=8, f*(u)=2m-2; f*(u,)=2m-1,
f*(u;)=3m-3; f*(u,)=3m; f*(u;)=3m-1,;

NS
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f*(ug) =2m+1; f *(v,) =4m+10; f *(v,) =4m+11,
n-6

f*(v,)=4m+13; f *(v,,) =4m+8(i +1) if 1<i< ;
f*(v,)=4m+4n-9 f*(v,,,)=4m+4n-6;f*(v,,,) =4m+4n-7;
2 2 2

f*(v,)=4m+4(2i +3) if 1sisn2 .

If m=8and n28, f*(u)=10; f*(u,)=11;
; f*(u,)=13; f*(u,)=4m-9 ;

2

F*(u,,)=8i+1) if 1i<™

F% (Upp) =4M=6 5 £%(U,,,)=4m=7 ; F*(u, ) = 4@ +3) if 1<i< =0,
f*(vl)2=4m+10; f*(v2)=24m+11; f*(v,)=4m+13;
f*(v,,) =4m+8+8 if 1sisnT_6;
f*(v,,)=4m+12+8i if 1sisnT_6; f*(vﬂ):4m+4n—9;
f*(vlz)=4m+4n—6; f*(vn+4)=4m+4n—27.
If m228 and n=6, f*(ul):102; f*(u,)=11;
F(u.,) =8+1) if 1<i<T 2 f*(u,)=13;f*(u,)=4m-9 ;
2

m-6

f*Uy,)=4m=-6; f*(U.,,)=4m-7 ;f*(u, . )=42 +3) if 1<i<
2 2
f*(v)=4m+n+4; f*(v,)=4m+n+5; f*(v,) =4m+2n+3;

f*(v,)=4m+3n; f*(v;) =4m+2n+5; f*(v,) =4m+2n+1.

Example2.2. An adjacent edge graceful labeling &, J C,, is shown in the Fig.1.

1 3 3 13 15
L &
2 7 14 17
4 3 16 19
& 11 18 21
L &
8 10 12 20 22
Figure 1:
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Theorem 2.3. The graph P, 1 C,(m=5,n2=5) is an adjacent edge graceful graph.

Proof: Let P, =u,u,......u,, be apath andC =V,Vv,......V,V, be a cycle .

e =uu, :1<ism-1;

i+l

=vVv, :1<i<n-1; e

'm-=1+i iVitl m

Let E(P,O Cn)={

w1 = V1V

Define f : E(P,0C,) - {123,.....m+n-1} by

Case(i) (m and n are both odd)

f(e)=i if 1si<m+n-1.

In this case the induced vertex labels are l&m/fs:

f*(u)=3; f*,)=6; f*(,,)=41+6 if 1<i<m-4;f*(u,,)=3m-6;
f*@Uu,)=2m-3; f*(v,)=4m+2n-2; f*(v,) =4m+n+2;
f*(v,)=4m+3n-3; f*(v,,)=4m+4i+2 if 1<i<n-3.

Case(ii) (misodd andniseven)

=]

f(e)=i if 1<sism-1; f(e,,)=m+2-2 if 1<i<—;

N

f(€ymenoipi) =M+N+1-2 if 1<i<— .
2
In this case the induced vertex labels are lémAs:

f*(u)=3; f*(,)=6; f*(u,,)=3m-6;

f*(u,,)=4i+6 if 1<ism-4; f*(u,)=2m-3.

If n=6, f*(v)=4m+n; f*(v,)=4m+n+1; f*(v;)=4m+n+5;
f*(v,)=4m+2n+2; f*(v;) =4m+2n+1; f*(v;)=4m+n+3.

If n=28, f*(v)=4m+6; f*(v,)=4m+7;

NS

f*(v,,)=4m+4+8 if 1sisnT_6 ; f*(vﬂ)=4m+4n—13;
f*(vlz):4m+4n—10; f*(vn+4):4m+4n2—11;

2 2
f*(Vopsen ) =4M+4n-8-8i if 1sisn—;6 ; F*(v,)=4m+9 .
Case(iii§ (mis even anch is odd )

m-2

f(g)=2i-1 if 1sisg L fe,.,)=m-2i if 1<i<

2

f(e, i) =m-1+i if 1<i<n.

In this case the induced vertex labels are lémafs:
If m=6,f*(u)=m-2; f*(u,)=m+3; f*(u;) =2m+1;
f*,)=2m; f*(u;) =2m-5; f*(uy)=6.

164



Some Adjacent Edge Graceful Graphs
If m=8,f*(u)=m-4; f*(u,)=m+1; f*(;)=2m; f*(u,)=2m+5;
f*(u)=3m; f*(uy)=2m+3; f*(u,)=2m+2 f*(u;) =m-2.
m-6

If m>10, f*(u)=4; f*(,)=9; f*(u,)=8+8 if 1<i< :
f*(u )=4m-11; f*(u_,,)=4m-10; f*(u,.,)=4m-13;
2 2 2

% fr (U =12 F*(u,) =6

F* U0y ) =4m-12-8 if 1<i< "
2

f*(v)=4m+2n-2; f*(v,)=4m+n+2;f*(v,) =4m+3n-6 ;

f*(v,,)=4m+4i+2 if 1<i<n-3.

Case(iv) (m andn are both even)

fe)=2i-1if 1<i< 7 ; f(ey,)=m=2 if 1sism2_2;

2

fe,p)=m+2i -2 if 1<i<—; f(eyuno)=M+n+1-2i if 1<i<—.

2
In this case the induced vertex labels are lémafs:

If m=6,f*(u)=m-2; f*(u,)=m+3; f*(u;) =2m+1;
f*(,)=2m; f*(u;)=2m-5; f*(u,)=6.
If m=8,f*(u)=m-4; f*(,)=m+1; f*(;)=2m; f*(u,)=2m+5 ;
f*u;)=3m; f*(uy)=2m+3; f*(u,)=2m+2 f*(u;) =m-2.

m-6

n
2

NS

If m>10, f*(u)=4; f*(,)=9; f*(u,,)=8+8 if 1<i< :
f*(u )=4m-11; f*(u_,)=4m-10; f*(u,,)=4m-13;
2 2 2

y=am-12-8 if 1<i<™ 8.t y=12: f*(u)=6
m-1 m

f*(u

m+4+2i
2

If n=6, f*(v)=4m+n; f*(v,)=4m+n+1; f*(v;) =4m+n+5;
f*(v,)=4m+2n+2; f*(v.)=4m+2n+1; f*(v;)=4m+n+3.
If n=28, f*(v)=4m+6; f*(v,)=4m+7;

f*(v,,)=4m+4+8 if 1sis%6 L f*(v,)=4m+4n—13;
2
f*(V,,,)=4m+4n-10; f *(v,) =4m+4n-11,

2 2

f*(V,,,.,)=4m+4n—8-8i if 1sisn—;6 L f*(v.)=4m+9.

n+4+2i
2
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Example 2.4. An adjacent edge graceful labeling @f, O P, is shown in the Fig.
2.

& &

10 11 12 13 14 15
*——8 L & & +——8

Figure2:

Theorem 2.5. The graphCn(z) is an adjacent edge graceful graph.

Proof: Let'w 'be the central vertex o€,® .Let{ u, :1<i < n} be the vertices of
first cycle of C,® . Let{ v, :1<i<n} be the vertices of second cycle@®f® .

e =uu, :1<isn-1, e =uu,

Let E(C,?) = .
€. = ViV, :1sisn-1, e, =VvV

1 n

Takew=u, =V, .Define f :E(Cn(z)) - {1,23,......2n} by
f(e)=i if 1<i<n. Let f* be the induced vertex labeling &f.

The induced vertex labels are as folloW&:(u,) =8n+4 ; f *(u,) =4n+7;
f*(u,)=6n-1; f*(u,,)=4i+6 if 1<i<n-3; f*(v,)=6n+7;
f*(v,)=8n-1; f*(v,,)=4n+4i+6 if 1<i<n-3.

Theorem 2.6. The graphK, + mK, is not an adjacent edge graceful graph.

Proof: Let G=K, +mK,. Let V(G) ={u,v,w :1<i<m}.

Let EG)={ e =uw, ,e,, =w :1<i<m;e,., =uj}.

Let f bea bijection from E(G) to {123,....... 2m+1}.

Let a,,a,,....0,,5,, B,,-....5, ,a be the label of edgeg,e,,.....6,,€ 1 Emu

respectively by f. And f induces that f*:V(G) - {123,.....} by
f*(u):Zf(q) over all edgese incident to adjacent vertices ofi. Then

P2 W)=Y F(@) + F(ema)+ 3. 1(8) + (e = S0, + 28 +a+a

i=m+1 i=1
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=14+2+3+........ +(2m+D)+a=(m+)(2m+1D)+a for 1<i<m . That is every
vertex W, have same vertex labels bfy*. Hence f * is not injective.Therefore the
graph K, + mK, is not an adjacent edge graceful graph.

Theorem 2.7. The graphmK, is not an adjacent edge graceful graph.

Proof: Let the vertex set of mK, be V=V, 0OV,0...... OV, where
V. ={v',v’}.Let E(mK,)={e =v'v’:1<i<m}.Let f be a bijection
from E(mK,) to {123....... m}. And f  induces that
f*:V(mK,) - {123,....} byf*(u):Zf(e,) over all edgese incident to

adjacent vertices ofi.The verticesv," andv,” are incident with same and only
one edgee.Then f*(v')=f*(v,’) = f(e )That is each vertex paifs,",v,” )
have same vertex labels Hy*. Hence f * is not injective.

Therefore the grapimK, is not an adjacent edge graceful graph.

Theorem 2.8. The graphmK, is an adjacent edge graceful graph.
Proof: Let the vertex set oinK, be V =V, IV, U.....00V,, where
Vo={v v v )

Let E(MK;)={e =v/'v. ,e,., =Vv.V° e,

1 MM+

o=viveil<ism}.
Define f : E(mK,) - {123,.....3m} by f(e)=3-2 if 1<is<m;
fe,)=3-1if 1<i<m; f(e,,)=3 if 1<is<m.

Let f* be the induced vertex labeling &f.

The induced vertex labels are as follof&:(v,') =12 -4 if 1<i<m
f*(v?)=12-3 if 1<ism ;f*(v’)=12-5 if 1<i<m

Example 2.9. An adjacent edge graceful labeling 6K, is shown in the Fig. 3.
1 i‘ iz 4 i i 5
3 6
A 10 11 13 i’ i 14
9 15

12

Figure3:
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Theorem 2.10. The grapth.n2 is not an adjacent edge graceful graph.
Proof: Let V(B,,”)={u, ,V, : 1<i<n+1}.

i
€ =UlU,, , €. =ViV,, »1<i<n

€nei TUiVig » By =Vilpy 1 1ST SN S €y, =U Vo,
Let f bea bijection from E(B,,?) to {123,....... an+1} .

Let @,,0,,.....Q,,Q
€, 10,80, 110ee €0 1 Eopp e s€501€3001 -0 €nsy TESPECtively by f. And  f

induces that f*:V(B,,") - {123...} by f*(u)=) f(g) over all edgesg

Let E(Bnlnz):{

s o s A ppygseeeis0 a0y A gy, 4, , @ DE the label of edges of

n+lse

4n
incident to adjacent vertices ofu. Then f* (ui):z f(e) +2f(e,.,)=
i=1
1+2+3+......... +(2n+)+a = 2n+DH(4n+D)+a for 1<i<n. Thatis every

vertex U, have same vertex labels bf/*. Hence f * is not injective. Therefore the

graph Bn_n2 is not an adjacent edge graceful graph.

Theorem 2.11. The sunflower graphSF(n) (nisodd) is an adjacent edge graceful
graph.

Proof: Let V(SF(n)) ={v, ,w :1<i<n}.Takev,, =V,.

Let E(SF(N)) :{Q ZViVig s € TVIW, € TV, W tlsisn}.

Define f : E(SF(n)) - {123,.....3n} by f(e)=i if 1<i<3n;

Let f* be the induced vertex labeling &f. The induced vertex labels are as follows:
f*(v,)=18n+6; f*(v,)=14n+18; f*(v,) =22n-6 ;

f*(v,,)=12n+18+12 if 1<i<n-3;f*(w)=8n+8;

f*(w,)=12n; f*(w,)=6n+8+8 if 1<i<n-2.

Example 2.12. An adjacent edge graceful labeling & (7) is shown in the Fig. 4.

Figure4:
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