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Abstract. Graph coloring is one of the most important arkeesearch in graph theory.
Conflict-free coloring is defined as a vertex caigr such that for each vertexe
V,there exists a vertex in the neighbourhoodvofienoted by Kv),whose color is
different from color of each other vertex if.In this paper, we prove the existence of
conflict-freevertex coloring in EDG,,) andshow thayy.r(EDG(T,,)) = A+ 1. As a
consequence, we show that the induced subgrapbbfoedor class with s vertices kg,
whereKj is the complement of the complete gradfah
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1. Introduction

The vertex coloring of a graph is coloring the ie&$ of the graph in such a way that
adjacent vertices have different colors. Motivateg the problem of frequency
assignments in cellular networks, Even et.al [3}l &morodinsky [6] introduced the
concept of conflict-free coloring. Pach and Tarafislsinstituted the idea of conflict
coloring through graphs and hyper graphs. Gleb@l gft] further brought forwarded the
concept of conflict-free coloring through simpleaghs. The Extended Duplicate Graph
of Twig graphs was introduced by Thirusanguetal [@ther kind of labelling are studied
in [8-13].

In this paper, we prove the existence of conflieefvertex coloring in Extended
Duplicate Graph of Twig graphs EDGY() which yields the result that the induced
subgraph ofeach color classwith s vertices Kis, whereK; is the complement of the
complete graplX; .1t is also proved that.(EDG(T,,)) =A + 1.

2. Preliminaries
In this section we give the basic notions relevemthis paper.
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Definition 2.1. A graph G(V,E) obtained from a path by joining etka two pendent
edges to each internal vertices of a path is calleétlvig graph. A Twig graph with
minternal vertices is denoted ¥y, .

Definition 2.2. Let G(V,E) be a simple graph. A duplicate graphzofs DG=(V, , E)
where the vertex set;\tV U V' and VN V' = ¢ and f:v—V' is bijective and the edgeset

E; of DG is defined as follows: The edgeis in E if and only if botbvandu’v are
edges in E

Definition 2.3. Let DG=(Vy, E;) be a duplicate graph of the Twig graph G(V,E). &del
an edge between any one vertex from V to any otkeex in V except the terminal

vertices of V and V For our convenience, we takg €V ands,” € V' and thus the

edgev,v,’ is formed. We call this new graph as the extendiggdlicate graph of the
Twig graph T,, and is denoted by ED@Y,). The vertex set and the edge set of
EDG(T,,) are given as follows :

V={v1,v2, ______________ , V3m+2,'l]1,, Uzl, ............. , U3m+2,} .
E ={ vivo",v1' v2,v2v2" VU { v’ v Uvgysv143" Uvs v U gy v45/5=2+61 | =
SH+1; 0 i < [mT_Z];OEjEZ} if mis even
E={v,vy, v, vy, 0,0, YW v’ v; Uvgv '/ s=2+6i Il = s+j+1;

&i< mT‘l] 10 < < 2YU{Vers Vyss UV gyalpss/S=2+6i = sH+L;
0<i<[=2];0<j =2} if misodd
Clearly EDG(T,,,) has én+4 vertices andré+3 edges whermis the number of internal
vertices of the Twig graph.

Definition 2.4. Let G=(V,E) be a simple graph. For every ventexV, we denote N{)
={v €V: uve E}, its neighbourhood and by N U {u}=N[u], its closed

neighbourhood.Also the maximum degree of the graplenoted bw.

Definition 2.5. A vertex coloringy of G is called conflict-free if for each vertex V,
there exists a vertedn N(u) whose color is different from the color of eathear vertex
in N[u].

The conflict-free chromatic number.(G) is the smallest r, such that there
exists a conflict-free r-coloring of G.

Definition 2.6. For any set S of vertices of graph G, the induadnhsaph<S=, is the

maximal subgraph of G with vertex set S. Thus twdiges are adjacent in S if and only
if they are adjacent in G.

Definition 2.7. A graph G is said to be a complete graph if eadh giavertices is
adjacent.A complete graph ofvertices is denoted by,K
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The complemeigt of G is defined to be the graph which has V awéisex set
and two veritices are adjacentGnif and only if they are not adjacent in G.

3. Main results

In this section, we present an algorithm to obt#ie conflict-free coloring of
EDG(T,,).We prove that EDGT,,) admits conflict-free coloring. We also show thia
induced subgraph of each of the color class igalyalisconnected graph. Also we find
the conflict-free chromatic number of EDG{) isA + 1.

Algorithm 3.1
Procedure: Conflict-free coloring of EDGT},)

|nput2V<—{v1,v2, .............. , 173m+2,171',172,, ------------- ) 173m+2'}

Output: Conflict-free colored EDGT;,,) graph.
if m=1
U v’ «C
vy, « G,
(Z &
v3U vy’ « Cy
else
if m=2
v U v UrgU v’ « C
vy, U v, « G,
vy Uv, « G
v3U 13U vg U vg' « Cy
else
forn=2tom do
v U v’ U (Ui, vs Vg )= C
v U 07" U (U3 V341 U Vai41 ") < G
v;' Uvy U (Uilargken V3iv2 Y Vaivz2 ") < Ca
V3 U 3" U (Uizsk—1/ken Vaitz Y V3ivz ') < Ca
end for
end if
end if
if (m< 3)
v, Uv <G
else
Uy U "V (UiZsks1/ken Vaivz Y V3ir2 ") < GCs
end if
vs U v’ « G
end procedure
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Example 3.1.Conflict-free colored EDGI,)graph.
" ><‘11
1,@ '

v3@ "' @

v4@ ®U4'

v5®

gD \’I O, % :: %34

_>C5

®
1216 O~v,’ ® — G
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X

V14 @ @ 14-I

HereC, foreachi represent the color<li <6.
Figure 1:
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Theorem 3.1. EDG(T,,) is a conflict-free colorable graph.
Proof: The EDG(T,,,) has 6m+4 vertices and 6m+3 edges.
To prove EDG(;,) is a conflict-free colorable graph , it is enoughprove that the
vertex of maximum degree , eitheg or v,’ is conflict-free colorable.
Usmg Algorlthm 3.1, the color class mas vertices
Vy, Uy V10 » Ulo vlg, Vigreeees V3ma1 Vame1- THUS v, € C,. Also the neighbours of,
are fv,’ vy, v3", v, ,v5'} Wherevl €Cy,v,' €Cs,v3" € Cy,
v,' € Cs,v5' € Cg That is each neighbours of, is in different color classes.
Similarly for all the vertices of EDQ(Y,) in a color class has neighbours in different
color classes .
Hence EDG(,,) is a conflict-free colorable graph.

Theorem 3.2. In Extended Duplicate Graph EDGf), the induced subgraph of each
color class withvertices is totally disconnected graEJ,;]i wherel?ni is the complement
of thecomplete gray,,.

Proof: Denote the vertex set of EDG() as V =

{771_'772:-----'_V3m+2'v1'1772'---_ ------ »Vam2'} N
Using algorithm, the colors in ED@},) are classified as follows :
The color class

_ vy Uvjifm =1
= {vl U’V (UL, v3iUvs) if 2 <n<m
The color class
vyifm=1
C, = v, Uvsifm =2

v, U 17U (Vi3 v3i41 U vsig) if 3 < n < m

The color class

!

2 ifm=1
Cs = v, Vv, ifm=2
V2" U v7(Uilsk jken Vaisz U Vi) if 3 < n

vy Uvsifm=1
The color clasg, =

IA
8

v3U 03" U (Uilzk_1/ken Vairz U Vsisz) f 2 < n < m
h lor cl vy Urifm <3
& color class; = Uy U 04" U (Uilsisr/ken V3iez U Vsie2) if 4 < n < m

The colorclass £&= vs U vg Vm.

Let nibe the number of colors in @here i< 6 respectively in the EDGY, ) graph.

Thus the vertices in the induced subgraph obtdirmed each of the color classes are not
adjacent, since they are not adjacent in ER{5(
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Hence the induced subgraphmfertices relative to each of the above color class

totally disconnected graﬁ;}i , Wherel?ni is the complement of the complete graph
Kn, 1 <i <6.

Theorem 3.3. The conflict-free chromatic number of EDGY) is A + 1.
Proof: Consider the EDGT,,) which has 6m+4 vertices. Denote them as

V = {01,V o, Vsmazs V1,V2 s V3ma2 1= V1UV,

where \, ={vy,v,, V3, Vs, Vs, 01,0, , 03,0, ,vs Yand Vo, = V V.
Case(i): m=1
Consider the vertex set;\6f EDG(T;). Since degf,) = degf, '),| N(v,)|=| N(v3)| =A
and | N(v;)| =| N(v;)| < A where 1<i<5 ,i# 2.HenceA +1 colors are needed to color
N[v; ].

SinceN(v;) n N(v))=¢ , N[v,] and N3] receives same colors whereas
and v,’ receives different colors among t&e+1 colors.
Hence, EDG(T,) is A +1 conflict-free colorable.
Case (i) : nE2 and m is finite
Using case (i) the vertices of, ¥re colored. The vertices in ¥re colored as follows.
For n=2,3,4,....m, let,= {3n-4,3n,3n+1,3n+2} andS- {3n-1}. Now
Nw) 0 N(v,) = {{v(;’} if i,j €l,i# jandkES,

otherwise

N(v) N N(vj’) _ {{vk} if i,j €l,,i+#jandkES,
[0) otherwise
Also N@;)n N(v{) = gfor 1<s,t<3m+2.
Thus the colors used to color these vertices;iis\énough to color the vertices
of Vo.
Hence EDG(,,) is A+1 conflict-free colorable.

4. Conclusion
In this paper, we proved the existence of confliee coloring in EDG(,,) and the

induced subgraph of each of the color class istalyodisconnected graph. Also we
proved that the conflict-free chromatic number BX& T,,,) is A + 1.
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